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» Large-scale discrete optimisation:
( / Applications where branch-and-price

PP is a very successful method
b / » Large Neighbourhood Search (LNS):
‘N Improve computational performance of
# branch-and-price for difficult instances,

i.e. when root-node gap is large
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Why?
» LNS heuristics are vital -\\
components in generic MIP solvers A
» Challenging to extend them to
settings where columns are generated w
» "Standard column generation only cares 7(

about LP" — unexplored potential
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How?

LNS of destroy-repair type
e » Destroy method:
\ Remove columns from current solution
» Repair method:
Generate columns that benefit the
integer program
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How?

LNS of destroy-repair type
e » Destroy method:
\ Remove columns from current solution
» Repair method:
Generate columns that benefit the
integer program

Key question:
How can we price with integer solutions in mind?
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Outline

Introduction
Dantzig-Wolfe
Branch-and-price
Pricing for integrality

Results and conclusions
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Dantzig-Wolfe decomposition

A reformulation of an original compact formulation of a MIP to an
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Dantzig-Wolfe decomposition

A reformulation of an original compact formulation of a MIP to an
extended formulation in a higher dimensional space

» New model has better properties
_ prop . Follows From
» Sometimes much much better properties Juowpos/fﬁoﬂ
» The number of variables increases
. : Solukion wetd
» Typically the number of variables explodes — noeds 0
solution space cannot be explicitly represented haudle
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Textbook example: Vehicle Routing Problems (VRP)

Problem formulation

Use these three vehicles
Visit all customers
Minimise total travel time
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Textbook example: Vehicle Routing Problems (VRP)

Compact formulation

Decision variables:

1 if vehicle g
Xgk = uses arc k,
0 otherwise

Constraints:
Feasible routes for all vehicles
Vehicles cover all customers
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Textbook example: Vehicle Routing Problems (VRP)

Extended formulation

Enumerate all routes,
specify by parameter:

1 if route j
aj = visits customer |
0 otherwise.

Constraints:
Feasible routes for all vehicles
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Textbook example: Vehicle Routing Problems (VRP)

Extended formulation

Decision variables:

1 if vehicle g
Agj = uses route J,
0 otherwise.

Constraints:
One route per vehicle
Vehicles cover all customers
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Textbook example: Vehicle Routing Problems (VRP)

Extended formulation

Decision variables:

1 if vehicle g
Agj = uses route J,
0 otherwise.

Constraints:
One route per vehicle
Vehicles cover all customers

Typically not reasonable to enumerate all routes—
but for now, assume it is!
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Why make a reformulation?

In a MIP, the strength of the formulation matters

Zb= min c'x Zp= min c'x
st. Ax=0b st. Ax=b
x € {0,1}" x € 0,1]"
v
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Why make a reformulation?

In a MIP, the strength of the formulation matters

. infeasible
=Vz| minz @ feasible
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= === Conv. hull
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Why make a reformulation?

In a MIP, the strength of the formulation matters

. infeasible . infeasible
=Vz| minz @ feasible =Vz | minz @ feasible
Ax=b Ax=bh

= === Conv. hull ==== Conv. hull

“p.,
Zip

Zb= min c'x Zp= min c'x
st. Ax=b st. Ax=b
x € {0,1}" x € [0,1]"

LINKOPING
II." UNIVERSITY
Elina Rénnberg



Dantzig-Wolfe
[e]e] le]elelelelelele]e)

Why make a reformulation?

In a MIP, the strength of the formulation matters

. infeasible A infeasible . infeasible
=Vz| minz @ feasible =Vz| minz @ feasible =Vz | minz @ feasible
Ax=b Ax=b Ax=b
= === Conv. hull = === Conv. hull ==== Conv. hull
zip 2
7y LP |
P z
* . * . T
Zip = min Cc X ZIp = min CcC X
s.t Ax=b st. Ax=0b
n n
x € {0,1} x €[0,1]
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Convexification

Let the LP-polytope originate from two groups of constraints
Ay = p(1) and A@x = p(2)
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Convexification

Let the LP-polytope originate from two groups of constraints
Ay = p(1) and A@x = p(2)

_ infeasible A AWy = p™
min z @ feasible =Vz [ minz A@yx = p@

=b
= === Conv. hull
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Convexification

Let the LP-polytope originate from two groups of constraints
Ay = p(1) and A@x = p(2)

. infeasible A AWy = p» . Ay = p»
minz @ feasible —Vz| minz Ay = p@ =Vz | minz Ay = p@

=b
= === Conv. hull

Knowing the convex hull wrt one group may improve strength
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The re'FOFm u |at|0n [Skipping some math steps and details]

One way to know the convex hull wrt A®)x = b, x € {0,1}"
is to enumerate all its feasible integer solutions: a;, j € J

A ADx = p»
—=Vz | minz A@y = p@

N
ZLp

.
Z1p

[Since x € {0,1}", the set is boun-
ded and convexification coincides
with discretisation]
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The I’e'FOFm u |at|0n [Skipping some math steps and details]

One way to know the convex hull wrt A®)x = b, x € {0,1}"
is to enumerate all its feasible integer solutions: a;, j € J

For )\ € {0, 1}|j| Z >\J = 17 —Vz“minz :((zl)):::((zl))
jeg
solutions wrt A®x = b, x € {0,1}",
can be expressed as x = Z aj\;j, Zip
JEJ ZI‘P

[Since x € {0,1}", the set is boun-
ded and convexification coincides
with discretisation]
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The reform u |at|0n [Skipping some math steps and details]

One way to know the convex hull wrt A®)x = b, x € {0,1}"
is to enumerate all its feasible integer solutions: a;, j € J

For A e {0,1}171: Y =1, —vz} minz anx=r
jeg
solutions wrt A®x = b, x € {0,1}",
can be expressed as x = Z aj\;j, Zip
JEJ ZI‘P

and then, feasibility wrt Ax = b
can be expressed as

1 1
A( ) Z a./)\./ = b( ) [Since x € {0,1}", the set is boun-

icT ded and convexification coincides
JE with discretisation]
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Strength of the reformulated model

Extended formulation is at least as strong as compact formulation

Ay = p)

=Vz | minz A@x = p@
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Strength of the reformulated model

Extended formulation is at least as strong as compact formulation

ot s A= b0 If integrality property
A@x =p* .
wrt green constraints:
Nothing to gain
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Strength of the reformulated model

Extended formulation is at least as strong as compact formulation

=Vz [ minz

Ay = p)
APy = p@

min z

Ay = p»
Ay = p@

If integrality property
wrt green constraints:
Nothing to gain

If not integrality property wrt to the green constraints (NP-hard
problem), the extended formulation might be stronger

LINKOPING
II." UNIVERSITY

Elina Rénnberg



Dantzig-Wolfe
[ee]ele]ele] lelelelele)

Common type of problem structure iseversi variations exists

A ® =|b ®

A@ b»@
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Common type of problem structure iseversi variations exists

A(l) = b(1)

2 )
Ag ) by

X

4@ p®
1 1

2 (2)
a2 b
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Common type of problem structure iseversi variations exists

For our vehicle routing problem

AD = |p@ | visit all customers

(2) (2)

Ay by
x

) p®
1 1

(2) (2)
4, b;
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Common type of problem structure iseversi variations exists

For our vehicle routing problem

AD = |p@ | visit all customers
(2 2) ;
A . b; Red vehicle Identical,
(2) ) . of type 1
A b; Blue vehicle
) (2)
4, b;
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Common type of problem structure iseversi variations exists

For our vehicle routing problem

AD = |bD | visit all customers
@ ) i
A1 § b1 Red vehicle Identical,
@ @ . of type 1
A b Blue vehicle
Agz) b;Z) Green vehicle, of type 2
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Common type of problem structure iseversi variations exists

For our vehicle routing problem

AD = |bD | visit all customers
@ @ i
A1 § b1 Red vehicle Identical,
@ @ . of type 1
A b Blue vehicle
Agz) b;Z) Green vehicle, of type 2

Separate enumeration of solutions for each vehicle type
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Dantzig-Wolfe decomposition

A reformulation of an original compact formulation of a MIP to an
extended formulation in a higher dimensional space

» New model has better properties
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Dantzig-Wolfe decomposition

A reformulation of an original compact formulation of a MIP to an
extended formulation in a higher dimensional space

» New model is at least as strong

» Sometimes much much stronger and structure to exploit
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Dantzig-Wolfe decomposition

A reformulation of an original compact formulation of a MIP to an
extended formulation in a higher dimensional space

» New model is at least as strong

» Sometimes much much stronger and structure to exploit

Practical impact or "just theory’?
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Air Traffic Management

Problem formulation
In the space around an airport, aircraft

» arrive at entry points in space,
» follow a path to the runway that is

» prescribed by an arrival tree Ent 2
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Air Traffic Management

Problem formulation
In the space around an airport, aircraft

» arrive at entry points in space,
» follow a path to the runway that is

Ent 2

» prescribed by an arrival tree «
Design arrival tree wrt
technical requirements on descent operation,
energy efficiency, collision avoidance, and

complexity for air traffic controllers, ...
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Air Traffic Management

Joint project
» Pl Christiane Schmidt (computational geometry),
Department of Science and Technology, LiU

» They are experts in modelling of routes and regulations
to include all practical aspects of the problem

\& Swedish

Research
==  Council
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Air Traffic Management

Joint project
» Pl Christiane Schmidt (computational geometry),
Department of Science and Technology, LiU

» They are experts in modelling of routes and regulations
to include all practical aspects of the problem

» Bottleneck: Solving optimisation problem
» Postdoc project for Roghayeh Hajizadeh in my group

\ / Swedish

Research
==  Council
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Air Traffic Management

Joint project
» Pl Christiane Schmidt (computational geometry),
Department of Science and Technology, LiU

» They are experts in modelling of routes and regulations
to include all practical aspects of the problem

» Bottleneck: Solving optimisation problem

» Postdoc project for Roghayeh Hajizadeh in my group

Previous work: arc formulation over a \& Swedish

discretisation of space. Can we do better? Research
o= Council
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Decomposition of Air traffic management problem

It has this "common type of problem structure” ...

AD = |p® Create tree and
- avoid collisions

2 )
Ay by Constraints on the
individual decent operation
for each aircraft: one-to-one

correspondence with path

@ @
AZ bZ

@) (2)
A§ b§
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Decomposition of Air traffic management problem

It has this "common type of problem structure” ...

AD = |p® Create tree and
- avoid collisions

2 )
Ay by Constraints on the
individual decent operation
for each aircraft: one-to-one

correspondence with path

@ @
AZ bZ

@) (2)
A§ b§

... and the possible paths are few enough to be enumerated
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Decomposition of Air traffic management problem

It has this "common type of problem structure” ...

AD = |p® Create tree and
- avoid collisions

2 )
Ay by Constraints on the
individual decent operation
for each aircraft: one-to-one

correspondence with path

@ @
AZ bZ

@ @
A3 b3

... and the possible paths are few enough to be enumerated

For Arlanda runway: Preliminary results, solution time
~ 40 hours to < 10 minutes
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Dantzig-Wolfe decomposition

A reformulation of an original compact formulation of a MIP to an
extended formulation in a higher dimensional space

» New model is at least as strong

» Sometimes much much stronger and structure to exploit
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Dantzig-Wolfe decomposition

A reformulation of an original compact formulation of a MIP to an
extended formulation in a higher dimensional space

» New model is at least as strong

» Sometimes much much stronger and structure to exploit

» The number of variables increases

» Typically the number of variables explodes —
solution space cannot be explicitly represented
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Dantzig-Wolfe decomposition

A reformulation of an original compact formulation of a MIP to an
extended formulation in a higher dimensional space

» New model is at least as strong

» Sometimes much much stronger and structure to exploit

» The number of variables increases

» Typically the number of variables explodes —
solution space cannot be explicitly represented

How do we handle this?
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General method idea

Extended formulation: Route <+ A-variable <+ column

Instead of all columns:
Generate only the columns needed
for finding and verifying optimality
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General method idea

Extended formulation: Route <+ A-variable <+ column

columuns
Instead of all columns: (,/_\
Generate only the columns needed Mashe r Pricing

for finding and verifying optimality /)rvlolem pm/z’lw

7

dual values

Column generation: for solving the LP relaxation
(Simplex method but find variable with negative reduced cost by
solving a pricing problem = generate a column)
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General method idea

Extended formulation: Route <+ A-variable <+ column

columuns
Instead of all columns: (,/_\
Generate only the columns needed Mashe r Pricing

for finding and verifying optimality /)rvlolem pm/z’lw

7

dual values

Column generation: for solving the LP relaxation

(Simplex method but find variable with negative reduced cost by
solving a pricing problem = generate a column)
Branch-price-and-cut: for finding integer solutions

LINKOPING
II." UNIVERSITY

Elina Rénnberg



Branch-and-price
0Oe0000000

Notation for common structure [Several variations exists]

AD = [p®

A@ p@

LINKOPING
II." UNIVERSITY

Elina Rénnberg



Branch-and-price
0Oe0000000

Notation for common structure [Several variations exists]

AD = [po
A§2) ng)
o @
2
A% b
A;Z) b§2)
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Notation for common structure [Several variations exists]

For our vehicle routing problem

AD = [Bb® | visit all customers
AEZ) bSZ)
x
A® p®
1 1
(2) (2)
A4, b;
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Notation for common structure [Several variations exists]

For our vehicle routing problem

AD = [Bb® | visit all customers
(2) () i
A . b Red vehicle Identical,
Agz) b;z) Blue vehicle of type 1
(2) (2)
A4, b;
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Notation for common structure [Several variations exists]

For our vehicle routing problem

AD = [Bb® | visit all customers
(2 ) i
A . b Red vehicle Identical,
Agz) b§2) Blue vehicle of type 1
A;Z) b%z) Green vehicle, of type 2
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Notation for common structure [Several variations exists]

For our vehicle routing problem

AD = |b® | visit all customers
@) @ i
A . by Red vehicle Identical,
Agz) b§2) Blue vehicle of type 1
A;Z) b§2) Green vehicle, of type 2

Set of pricing problems Q = {1,2} providing routes for vehicles
in Ky, g € Q, with K1 = {'Red’, 'Blue’} and K = {'Green'}
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MOdGlS fOI’ the common St ru CtU re [Skipping some math steps and details]

Master problem Pricing problem
[CG]g min ¢

sit.  (c,a) € Aq
where

A contains feasible solutions
wrt APx = bP, x € {0,1}"
and their costs and
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MOdGlS fOI’ the common St ru CtU re [Skipping some math steps and details]

Master problem Pricing problem
[CG]g min ¢
sit.  (c,a) € Aq

where

A contains feasible solutions
wrt APx = bP, x € {0,1}"

L={Ne{0,1}, jeT: and their costs and
SN = 1K€ Q)
JE€Tq
o
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MOdGlS fOI’ the common St ru CtU re [Skipping some math steps and details]

Master problem Pricing problem
[MP]  min > g, [CGl; min ¢
€T
st A® Zaij)\j — b, st. (c,a) € Aq
ies where

. C 1 |7
()\J)JGJ €Lc {01}, Ag contains feasible solutions

wrt APx = bP, x € {0,1}"

L={Ne{0,1}, jeT: and their costs and
SN = 1K€ Q)
JE€Tq
o
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MOdGlS fOI’ the common St ru CtU re [Skipping some math steps and details]

Master problem—LP relaxation
min Z Cj)\j,
jeT

st ADD g = b,
jeg
()‘j)jej eLC [07 1]|J|7

L={yel01],jed:
SN =IKdlq € Q)

j€T
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Pricing problem

[CG]lg min  c¢c— Z bjaj
icl
sit.  (c,a) € Aq

where

Ag contains feasible solutions
wrt APx = bP. x € {0,1}"
and their costs and

uj, i € I, are dual variables

wrt the constraints of [MP-LP]
i.e. the LP relaxation of [MP]
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Column generation: for solving the LP relaxation of [MP]
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Column generation: for solving the LP relaxation of [MP]

Restricted master problem ] _
Build restricted master problem

[MP-LP] min > g, with J C 7 iteratively
jed
st. ADD " an = b,
jed

(M);es € £ S0, 117

L={\¢€][0,1], jeJ:
Y A=lKgl.ae @}

j€Jq
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Column generation: for solving the LP relaxation of [MP]

Restricted master problem

[MP-LP] min > g,
jed
st. ADD " an = b,
jed
(M)jes € £ S 0,117,

L={\¢€][0,1], jeJ:
Y A=lKgl.ae @}

j€Jq
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Build restricted master problem

with J C 7 iteratively

» Add M-variable with
minimum reduced cost:
pivot into the basis <
simplex-method iteration
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Column generation: for solving the LP relaxation of [MP]

Restricted master problem

[MP-LP] min > g,
jed
st. ADD " an = b,
jed
(M)jes € £ S 0,117,

L={\¢€][0,1], jeJ:
Y A=lKgl.ae @}

j€Jq

LINKOPING
II." UNIVERSITY

Build restricted master problem

with J C 7 iteratively

» Add M-variable with
minimum reduced cost:
pivot into the basis <
simplex-method iteration

» Negative reduced cost
sufficient for improvement

» Stop when no negative
reduced cost is returned
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Column generation: integer solutions?

» LP column generation:
Generated subspace is sufficient for solving the LP relaxation

» It may or may not include high-quality integer solutions
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Column generation: integer solutions?

» LP column generation:
Generated subspace is sufficient for solving the LP relaxation

» It may or may not include high-quality integer solutions

» Restricted master heuristic / price-and-branch:
solve an integer program over this subspace
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Column generation: integer solutions?

» LP column generation:
Generated subspace is sufficient for solving the LP relaxation

» It may or may not include high-quality integer solutions

» Restricted master heuristic / price-and-branch:
solve an integer program over this subspace
» To obtain integer optimality:

— Perform branching and add cuts
— Generate columns for LP relaxations involved

— Branch-price-and-cut
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Branch-price-and-cut

Relies on what is known from branching and cutting in MIP—
but adaptations are required and caution is advised
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Branch-price-and-cut

Relies on what is known from branching and cutting in MIP—
but adaptations are required and caution is advised

» Complete solution space not available
» Need to "play well” with both [MP] and pricing
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Branch-price-and-cut

Relies on what is known from branching and cutting in MIP—
but adaptations are required and caution is advised

» Complete solution space not available
» Need to "play well” with both [MP] and pricing

» Common with customised branching schemes and cuts
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Branch-price-and-cut

Relies on what is known from branching and cutting in MIP—
but adaptations are required and caution is advised

» Complete solution space not available
» Need to "play well” with both [MP] and pricing

» Common with customised branching schemes and cuts

Extensive literature and knowledge, often problem specific
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Branch-price-and-cut

Relies on what is known from branching and cutting in MIP—
but adaptations are required and caution is advised

» Complete solution space not available
» Need to "play well” with both [MP] and pricing

» Common with customised branching schemes and cuts
Extensive literature and knowledge, often problem specific

No time for details today: let's zoom in on a specific topic ...
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Optimality conditions

LP column generation: Follows directly from LP theory

Restricted master problem solved to optimality &
no negative reduced costs found in pricing
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Optimality conditions

LP column generation: Follows directly from LP theory

Restricted master problem solved to optimality &
no negative reduced costs found in pricing

Subspace sufficient for solving the integer program?

Some answers, but there is more to be understood

R. Baldacci, N. Christofides, and A. Mingozzi. An exact algorithm for the
vehicle routing problem based on the set partitioning formulation with
additional cuts. Mathematical Programming, 115(2):351-385, 2008.

E. Rénnberg and T. Larsson. An integer optimality condition for column
generation on zero-one linear programs. Discrete Optimization, 31:79-92, 2019.
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Heuristics—based on LP pricing

Possible to apply any heuristic on the restricted master problem—
BUT this limits you to the solutions in the generated subspace
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Heuristics—based on LP pricing

Possible to apply any heuristic on the restricted master problem—
BUT this limits you to the solutions in the generated subspace

Beyond that, e.g diving heuristics, feasibility pump, crossover, ...

R. Sadykov, F. Vanderbeck, A. Pessoa, |. Tahiri, and E. Uchoa. Primal
heuristics for branch and price: The assets of diving methods. INFORMS
Journal on Computing, 31(2):251-267, 2019.

P. Pesneau, R. Sadykov, and F. Vanderbeck. Feasibility pump heuristics for
column generation approaches. In International Symposium on Experimental
Algorithms, pages 332-343. Springer, 2012.

M. Liibbecke and C. Puchert. Primal heuristics for branch-and-price algorithms.
In Operations Research Proceedings 2011, pages 65-70. Springer, 2012.
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Heuristics—pricing for integrality

Use the quasi-integrality property [also as exact method]
» Initial contributions by E. Rénnberg and T. Larsson, 2xEJOR

» Much more mature line of work by the Montreal group,
including F. Soumis, I. El Hallaoui, G. Desaulniers, ...
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Heuristics—pricing for integrality

Use the quasi-integrality property [also as exact method]
» Initial contributions by E. Rénnberg and T. Larsson, 2xEJOR

» Much more mature line of work by the Montreal group,
including F. Soumis, I. El Hallaoui, G. Desaulniers, ...

In a more general sense:

Is it possible to directly generate columns that make the restricted
master problem include improved integer solutions?

Can we price for integrality?
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Large Neighbourhood Search (LNS) heuristics

Important component in branch-and-bound-based MIP solvers
(diving, feasibility pump, local branching, ...)

» Solve an auxiliary problem to find an improved integer solution

» Also known as sub-MIPing
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Large Neighbourhood Search (LNS) heuristics

Important component in branch-and-bound-based MIP solvers
(diving, feasibility pump, local branching, ...)

» Solve an auxiliary problem to find an improved integer solution

» Also known as sub-MIPing

LNS heuristics & branch-price-and-cut?
» Destroy method: Remove columns from a current solution

» Repair method: Generate new useful ones to complement
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Large Neighbourhood Search (LNS) heuristics

Important component in branch-and-bound-based MIP solvers
(diving, feasibility pump, local branching, ...)

» Solve an auxiliary problem to find an improved integer solution

» Also known as sub-MIPing

LNS heuristics & branch-price-and-cut?
» Destroy method: Remove columns from a current solution

» Repair method: Generate new useful ones to complement
As before: "Adaptation is required and caution is advised”

Can we make an LNS price for integrality?
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[llustrations and VRP interpretations

Column = binary vector (a;);.,

Corre sponds 1o
a route awnd
tn dicates {f
Custoume 1
1s visited b
Hie velucle
o wot

R OOOORrRrRORRFRO
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[llustrations and VRP interpretations

Column = binary vector (a;);., Example: feasible solution

Corre sponds 1o 5 routes
o Couwte awnd
(ndicates {—F
Cuztouwme 1 -
s Ulsited los
Hee velucle
o wot
o

Hagt
+ Oﬂe;HA&('

Nett each
costuwer

exactly

owce
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Pricing for integrality
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[llustrations and VRP interpretations

Column = binary vector (a;);., Example: feasible solution

N 1 if column j € Jg of pricing problem q € Q is used,
J 0 otherwise

PO OCOORORRO
[ N N N Y = S Gy

Decision variables:

LINKOPING
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Notation

[MP]  min Z GiAjs

jeg

st Y agh>1, Qe
jeg
Za,-j)\jgl, ielP,
Jjeg

()\J)JEJ € 'C g {07 1}|J|7

L={Ne{0,1}jeT:> A=Kyl q€Q}.
jEJq
e,
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Notation

[MP]  min Z GiAjs
jeJ
st Y agh>1, Qe
JjeJ
Za,‘j)\jgl, ielP,
JjeJ
()‘j)jej € LcHo, 1}|‘7|7

7
.
4
>
z
N
o
(4
<
~

LINKOPING
II." UNIVERSITY
Elina Rénnberg



LNS — Destroy method
Columns in RMP:
quqEQ |“|“‘||“|“‘
l —
J
Il.u
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LNS — Destroy method

UJIP
7
Columns in RMP: cacc:ccccc/_gf&_‘“
JCIV q E Q
Current solution =
active columns:
J.qeq
Juuduouudoy
e 7
oo,
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LNS — Destroy method

Columns in RMP: ——
Jg. €@

Current solution =
active columns:
J.qeq

Destroy method =
Remove active columns e il =
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LNS — Destroy method

3’ UA¢

Columns in RMP: 7¢Q

S o
JCIV q E Q
Current solution =
active columns:
J.qeq
Destroy method =

Remove active columns - - - - - - - - = =

Let the set of remaining columns J be fixed:
What is the best possible way to repair the solution?
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LNS — "Ideal” repair method

Solve [REP] over the set JR = 7 (all possible columns)

[REP|  min > g,

JjEJR

st > agh\>=1-) aj i€l
jeJr jelJ
Za;j)\j < I—Za;j, ielP,
jeJr jed
Z Aj = |Kq| - |jq|a g€ qQ,
jedR

N €{0,1},j e Ruu.
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LNS — "Ideal” repair method

Solve [REP] over the set JR = 7 (all possible columns) ot

[REP|  min > g,

————
JjEJR
st > agh\>=1-) aj i€l
jeJr jelJ
Za;j)\j < I—Za;j, ielP,
jeJr jed
YN =Kl — 1l g€ @,
jedR

N €{0,1},j e Ruu.
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LNS — "Ideal” repair method

Solve [REP] over the set JR = 7 (all possible columns) ot

[REP|  min > g,

————
JjEJR
st > agh\>=1-) aj i€l
jeJr jelJ
Za;j)\j < I—Za;j, ielP,
jeJr jed
YN =Kl — 1l g€ @,
jedR

N €{0,1},j e Ruu. _ _
NOT reasonable in practice!
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Properties of JR and desired properties of JR

[N s s s N\ S\

—r
fixed 3?3
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Properties of JR and desired properties of JR

[N s s s NNV o\

o
Lixed 3?3
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Properties of JR and desired properties of JR

NV}

[N s ss (N\yS-e

L__,_.: C
Lixed 3?3
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Properties of JR and desired properties of JR

T03¢‘Hl~ér 2 (

Av%’(’h‘slkﬂ Ok.
T03cHN’—" &l

All =0
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Properties of JR and desired properties of JR

~3 I : : Together 21
Anyting ok.
Together <
All =0
— G g

a?f Appmk\ww{’\ow of the ek Jt‘
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Properties of JR and desired properties of JR

i i i . Together 21
Anygtling ok
Together <1
Al =0

[ J

Y x
Appm>¢wa—l’\0w of e set Jt

— Aim for these properties when generating JR
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Desired properties translated to the pricing problem

» "Anything ok” = no change in the pricing problem
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Desired properties translated to the pricing problem

» "Anything ok” = no change in the pricing problem
» "All = 0" = Big-M penalty on corresponding a;
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Desired properties translated to the pricing problem

» "Anything ok” = no change in the pricing problem
» "All = 0" = Big-M penalty on corresponding a;

> "Together > 1or <1" =
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Desired properties translated to the pricing problem

» "Anything ok” = no change in the pricing problem
» "All = 0" = Big-M penalty on corresponding a;

> "Together > 1or <1" =
In iteration /, aim at complying with

1 N PR
> 2. { e Sjese Lyl i € 1%,
Ul

1 N : ~ 1p0
. ~ . IR* L'/ i e [P,
JeJR" jrely IR 2jese ILil;

IN
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Desired properties translated to the pricing problem

» "Anything ok” = no change in the pricing problem
» "All = 0" = Big-M penalty on corresponding a;

> "Together > 1or <1" =
In iteration /, aim at complying with

1 N PR
> 2. { e Sjese Lyl i € 1%,
Ul

1 N : ~ 1p0
. ~ . IR* L'/ i e [P,
JeJR" jrely IR 2jese ILil;

IN

Just simple calculations and comparisons in each iteration —
adjust penalties on the corresponding a;:s dynamically
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Repair pricing

Pricing problem g in iteration /

[REP-CGg| min C—Z U,'B,"|‘Z ujaj

iele ielp

st. (c,a) € Ag.
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Repair pricing

Pricing problem g in iteration /

[REP—CGq/] min ¢ — Z ujaj + Z uja; +

icle iclp
+ E Ma; — § Birai + E Biaj
jelrl icl<o jefro

st. (c,a) € Ag.

» Static Big-M penalties and dynamic penalties 8
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Repair pricing

Pricing problem g in iteration /

[REP-CGg] min ¢ — Z’yﬁ;a; + Z'yﬁ,-a,- +

icle iclp
+ E Ma; — § Birai + E Biaj
jelrl icl<o jefro

st. (c,a) € Ag.

» Static Big-M penalties and dynamic penalties 8

» Adjust the reduced costs with the parameter « € [0, 1]
to heuristically price for integrality
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Repair pricing

Pricing problem g in iteration /

[REP-CGg] min ¢ — Z’yﬁ;a; + Z'yﬁ,-a,- +

icle iclp
+ E Ma; — § Birai + E Biaj
jelrl icl<o jefro

st. (c,a) € Ag.

» Static Big-M penalties and dynamic penalties 8

» Adjust the reduced costs with the parameter « € [0, 1]
to heuristically price for integrality—why?
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In pursuit of v: Detour via Lagrangian relaxation

Lagrangian function:

2 =min Y Gx Lixu) =Y cg+u’ [ b= Ax

jeJ jeg jeJg
st ZAJ'XJ' 2b Lagrangian dual function:
&7 h(u) = min L(x, u)

x;€{0,1}, je J
Duality gap:

I=z"—h*, with h" = max h(u)
u
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In pursuit of v: Lagrangian relaxation—optimality conditions

Equivalent statements:

» x solves the primal problem
u solves the dual problem
the duality gap ' =0
» Lagrangian optimality:  L(x, u) < h(u)
Primal feasibility: ZAJ'XJ' >b
JjeJ
Complementarity:  u' | b— Z Aix; | =0
jeg
o
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In pursuit of : Lagrangian relaxation—discrete problems

Optimality conditions are for problems with no duality gap:
But discrete problems typically have a positive duality gap
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In pursuit of : Lagrangian relaxation—discrete problems

Optimality conditions are for problems with no duality gap:
But discrete problems typically have a positive duality gap

Use generalised optimality conditions by Larsson and Patriksson:

[T. Larsson, M. Patriksson. Global optimality conditions for discrete and nonconvex optimization —
with applications to Lagrangian heuristics and column generation. Operations Research (2006)]

For a binary x and a v > 0 introduce:
» c-optimality in the Lagrangian problem
(xu)—uTb—i—Z ¢ — u'Ay) x; — h(u)

jeg

S(x,u)=u" ZAJ'XJ' —b

jeJ

» J-complementarity
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In pursuit of v: Optimality conditions—discrete problems

Equivalent statements:

» x solves the primal problem and u solves the dual problem
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In pursuit of v: Optimality conditions—discrete problems

Equivalent statements:

» x solves the primal problem and u solves the dual problem

» Lagrangian optimality:  L(x, u) < h(u)+e(x, u)
Primal feasibility: ) Ajx; > b
jeg
Complementarity:  u' | b— ZAJ'XJ' > —0(x, u)
j€eJ
e(x,u) +d(x,u) <T, and g(x, u),d(x,u) >0
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In pursuit of : Pricing with respect to € and é

» Traditional pricing = minimise wrt €

» Optimality conditions suggest minimising wrt € and 6
New column wrt minimising ae + (1 — a)d, a € [0,1/2] <

- T
minc; —~yu Aj, v€[0,1
. ’7 Vs Y 0,1]

[Y. Zhao, T. Larsson, E. Rénnberg. An integer programming column generation principle for heuristic
search methods. International Transactions in Operational Research, 27:665-695, 2020.]
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Heuristic pricing for integrality

LNS heuristics of destroy-repair type
» Destroy method: Remove columns from a current solution

» Repair method: Generate a set of columns "with profitable properties”
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Heuristic pricing for integrality

LNS heuristics of destroy-repair type
» Destroy method: Remove columns from a current solution

» Repair method: Generate a set of columns "with profitable properties”

Two implementations

» IPColGen as part of the B&P&C scheme in GCG (SCIP)

[S. J. Maher and E. Rdnnberg. Integer programming column generation:
accelerating branch-and-price using ...
Mathemathical Programming Computation, (15):509-548, 2023.]
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Heuristic pricing for integrality

LNS heuristics of destroy-repair type
» Destroy method: Remove columns from a current solution

» Repair method: Generate a set of columns "with profitable properties”

Two implementations

» IPColGen as part of the B&P&C scheme in GCG (SCIP)

[S. J. Maher and E. Rdnnberg. Integer programming column generation:
accelerating branch-and-price using ...
Mathemathical Programming Computation, (15):509-548, 2023.]

» Problem-specific implementation for an EVRP
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IPColGen in GCG module of SCIP

Implemented as part of the B&P&C scheme in GCG
» Apply in root node
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IPColGen in GCG module of SCIP

Implemented as part of the B&P&C scheme in GCG
» Apply in root node when
— when tailing-off for the LP-relaxation begins
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IPColGen in GCG module of SCIP

Implemented as part of the B&P&C scheme in GCG
» Apply in root node when

— when tailing-off for the LP-relaxation begins
— optimality gap is large (= expected to be of most use)
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IPColGen in GCG module of SCIP

Implemented as part of the B&P&C scheme in GCG
» Apply in root node when
— when tailing-off for the LP-relaxation begins
— optimality gap is large (= expected to be of most use)

» Apply for a subset of the nodes in the B&P tree
(too expensive to use in all nodes)
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IPColGen in GCG module of SCIP

Implemented as part of the B&P&C scheme in GCG
» Apply in root node when
— when tailing-off for the LP-relaxation begins
— optimality gap is large (= expected to be of most use)

» Apply for a subset of the nodes in the B&P tree
(too expensive to use in all nodes)

Evaluated when used in addition to all other heuristics in
GCG/SCIP to compare to its state of the art
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Evaluation measures

» All results as a function of first call gap
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Evaluation measures

» All results as a function of first call gap
» Primal integral

— Common way to measure
progress of heuristics

— Each point in time: integral over
primal gap as function of time

» Primal / optimality gap after 3,600s
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Evaluation measures

» All results as a function of first call gap
» Primal integral

— Common way to measure
progress of heuristics

— Each point in time: integral over
primal gap as function of time

» Primal / optimality gap after 3,600s

» Diverse test set:
Shifted geometric mean

» Display ratio with/without IPColGen
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Evaluation measures

» All results as a function of first call gap Eﬁse(/x#{a((ﬂ :

» Primal integral A value <1
— Common way to measure Mmeans we

progress of heuristics

— Each point in time: integral over /gQF)%ﬁM we“
primal gap as function of time
» Primal / optimality gap after 3,600s ’\\

» Diverse test set:
Shifted geometric mean

LY,
» Display ratio with/without IPColGen
v
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Instances with known block diagonal structures

Results for about 700 instances
» Bin packing

Capacitated p-median

Generalised assignment

Vertex coloring

Optimal interval scheduling
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Instances with known block diagonal structures

Results for about 700 instances Instance characteristics
» Bin packing 70
» Capacitated p-median §600
» Generalised assignment Eizz
» Vertex coloring ésoo
» Optimal interval scheduling " 00
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Instances with known block diagonal structures

Results for about 700 instances Instance characteristics

700

» Bin packing

o
1=}
S

Capacitated p-median

w
=
S

Generalised assignment

N
o
5}

Number of instances

Vertex coloring

w
o
o

Optimal interval scheduling 200

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75
First call gap

Show results for some parameter settings v and 3
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Results: Instances with known block diagonal structures

Final optimality gap

0.96
—— y:0.9 Bp: 0.1
0.94 —— y:0.9 Bp: 0.5
— y:0.9 Bp: 1

4
©
N

o
®
®

Ratio avg (IPColGen / default)
o
©o
o

o
©
o

%

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75
First call gap
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Results and conclusions
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Results: Instances with known block diagonal structures

Final optimality gap
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Primal integral
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Results: Instances with known block diagonal structures

Final optimality gap Primal integral
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» better primal solutions + better final gap for all instances

» better primal integral only for instances with large initial gap
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Instances from MIPLIB 2017

Results for about 160 instances with known solution and tags
» Decomposition
» Set covering
» Set packing
» Set partitioning

Automatic structure detection & D-W decomposition in GCG:
Same type of results as for the structured instances
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EVRPTW with Charging Time Slots

» Homogenous vehicles
— Capacity
— Linear charging rate
» Customers
— Capacity
— Service time
— Time window

8.30-9.00
10.00-10.30

11, 00 11.30

12.00-12.30
. 14.0-14.30

» Bookable charging slots n

14.00-14.30

PhD student Lukas Eveborn @
Preliminary results at VeRolLog2025 SCANIA Ei] =
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EVRPTW with Charging Time Slots

Part of customised implementation in GCG:

Primal heuristics
*  RMP-heuristic
* Heuristic pricing for

Labelling Algorithm [3]
* ng-routes [4]

integrality GCG[1]/sCIP [2] « graph-reduction
Pricing coordination * Resource bounds
Some heuristics * Completions bounds
Branching
Stabilization
Customised cuts \
« 2-path-cuts [5] Customised branching

* Number of vehicles

[1] G. Gamrath, M. Liibbecke (2010), [2] S. Bolusani et. al (2024). [3] J. Enerbéck, L. Eveborn, E. Rénnberg (2024).
[4] R. Baldacci, A. Mingozzi, R. Roberti (2011). [5] N. Kohl et. al (1999).

Heuristic pricing for integrality closes 1/3 of root node gap
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Concluding comments

Branch-price-and-cut relies on LP-pricing to find a subspace that
contains an optimal integer solution.

Room for improvements?
» Optimality conditions
» Pricing for integrality

Today:
Some contributions in this direction—but more to be understood!
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Final notes ...
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Thanks for listening!
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