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Motivation for Learning

Power grid optimization

• Power grid operators often solve large set of instances of the same nonconvex 
problem (AC Optimal Power Flow) with varying problem parameters. The grid 
topology remains the same while loads, renewable generation, etc. can vary 
across instances/time periods.

• ML can exploit distribution-specific structure to construct better heuristics 
decisions via imitation of certain policies.

Loads
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Motivation for Learning

Training 
instances

Testing instances

Distribution of Nonconvex 
instances

Learn optimal 
algorithmic parameters 
(heuristic decisions)

Global 
Optimizer

Benefits:
- Faster run times
- No compromise in 
  optimality guarantees
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Branching 
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Reformulation 
[13] Bonami, P., Lodi, A. and Zarpellon, G., 2018. Learning a classification of 
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Open challenge: Develop expert policies that optimize branching variable and break-point selection, 
with efficient ML models that learn and generalize from them.

Literature on learning with optimality guarantees

Partitioning-based 
Global Optimization
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Making things concrete!

Functions f, ci  and hi can be sum of individual quadratic terms of the form:

<latexit sha1_base64="DapHuvYYTvDMBhzfEz/i3Q7wWg8="></latexit>

min : f(x)

subject to : ci(x) = 0 8i 2 Eq

hi(x) 6 0 8i 2 In

x 2 Rn

We apply piecewise polyhedral relaxations (PPR) of the graph of 𝜙 𝒙 , given by

10
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�(x) : [l,u] �! R, |I| = 2

Quadratic term relaxations

Quadratic term: 𝑥!𝑥"
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<latexit sha1_base64="g3JywVDOn/8NVxDSGAr2WYR0/kY="></latexit>

w > u2x1 + u1x2 � u1u2, w > `2x1 + `1x2 � `1`2,

w 6 u2x1 + `1x2 � `1u2, w 6 `2x1 + u1x2 � u1`2,

McCormick 
envelopes
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Solving QCQPs via Piecewise Polyhedral Relaxations
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Variable partitioning
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Piecewise 
McCormick 
envelopes

1. Choose partitioning points and model 
each quadratic term using Piecewise 
McCormick envelopes via a MIP 
formulation to tighten relaxations.

2. Solve a sequence of relaxation MIPs to 
efficiently approach a near-global 
optimum for the original QCQP.

<latexit sha1_base64="aksGnrx3vQPNoIGWBoL8MDiMfPM="></latexit>

QCQP , min
x2Rn

x>Qx+ r>x

s.t.: x>Qix+ r>i x  bi i = 1, . . . ,m

xi 2 [xi, xi] i = 1, . . . , n

<latexit sha1_base64="aksGnrx3vQPNoIGWBoL8MDiMfPM="></latexit>

QCQP , min
x2Rn

x>Qx+ r>x

s.t.: x>Qix+ r>i x  bi i = 1, . . . ,m

xi 2 [xi, xi] i = 1, . . . , n

Optimality gap = (UB-LB)/UB

Spatial B&B vs. Partitioning methods

Branch-&-Bound search tree Partitioning-based methods

Quadratic term: 𝑥!𝑥"

• Additional partitions result in expensive MIPs.
• Harnesses high-quality MIP solvers.

• Compact search trees
• Complex for implementation!
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Choice of partitioning points
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Can we choose better partitioning 
points for a faster convergence? 
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Nagarajan, H., Lu, M., Wang, S., Bent, R. and Sundar, K., An 
adaptive, multivariate partitioning algorithm for global 

optimization of nonconvex programs.
Journal of Global Optimization, 74, pp.639-675, 2019.

Strong Partitioning
and its 

ML approximation

18
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“Strong Partitioning” (SP) policy

Our Approach: 
Choose partitioning policies to maximize the lower bound of the PPR formulation (MIP).

Set of partitioning points
<latexit sha1_base64="q7prVYaFJ6CbT7ar57Hy7iy3KqE="></latexit>

⌫PPR(p) := min hf(x)iPPR(p)

s.t. hci(x)iPPR(p) = 0, 8i 2 Eq

hhi(x)iPPR(p) 6 0, 8i 2 In

x 2 Rn.

<latexit sha1_base64="g9WZXGD8Rres2KAdUlhPALIyWmY="></latexit>

p⇤ 2 argmax
p2P

⌫PPR(p)

- We currently apply this SP policy only at the 1st iteration of the lower 
     bounding partitioning algorithm (can choose any number of partitioning points). 
- Subsequent iterations are still guaranteed to converge to near global optimum. 
- Apply local optimization methods to solve SP using generalized gradients. 19

On solving the SP problem
• The “max-min” SP problem can be formulated as a generalized semi-

infinite program. 
• Solving it to global optimality may be as hard as solving the original 

nonconvex QCQP. 

We design a local optimization method to solve SP to obtain 𝑝∗ that yields a tight 
lower bound, 𝜈$$%(𝑝∗)

1) Mäkelä, M.M., Karmitsa, N. and Wilppu, O., Proximal bundle method for nonsmooth and nonconvex multiobjective 
optimization. Mathematical modeling and optimization of complex structures, pp.191-204, 2016. 20

For almost every 𝑝 ∈ 𝑃 with 𝜈$$% 𝑝  < 𝜈∗, the MILP relaxation has a unique 
partition-solution 𝑝∗, and a Clarke generalized gradient of 𝜈$$% 𝑝∗ 	can be 
computed by parametric LP sensitivity.

In the complementary case 𝜈$$% 𝑝  = 𝜈∗, the lower bound is already tight 
and no further refinement is needed.
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Using learning to imitate the expert policy

<latexit sha1_base64="FVCyo9LqgU6hcGQcvyTxPdRNRA0="></latexit>

min f(x,⇥)

s.t. ci(x,⇥) = 0, 8i 2 Eq

hi(x,⇥) 6 0, 8i 2 In

x 2 Rn.

Parametric Family (Θ) of nonconvex QCQPs

Solve SP’s “max-min” 
problem to local 
optimality to 
determine “optimal” 
partitioning points.

Trained ML model 
(AdaBoost Regressor)

Learn to partition

Inputs
Θ!"#!

Convex relaxation solution, 𝒙 
Local feasible solution, 𝒙.

Θ&'(&Θ&)*+, Outputs 
Partitioning points for the 

global optimization algorithm

21

Numerical Results

22
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Numerical Experiments

Optimization compute details
• LANL’s Darwin cluster with AMD EPYC 7702 64-core processor, two 2 GHz 

CPUs, and 60 threads
• MIP relaxation solver: Gurobi v9.1.2
• Nonconvex solver: Ipopt
• Partitioning-based global optimization algorithms: 
     - Alpine.jl: https://github.com/lanl-ansi/Alpine.jl 
     - All pre-solve methods (bound tightening and bound propagation) were     
       deactivated
• We apply pre-processing and post-processing steps to reduce training 

times based on lower bound sensitivities (by eliminating PPs).  

23

Numerical Experiments

ML model details
• Generate 1000 training samples (varying Θ) with 10-fold cross validation 

for predictions
• Use Scikit-learn’s AdaBoostRegressor to train Regression Trees

<latexit sha1_base64="8db2XsDq/Hd43XmpqzhRklJppLU="></latexit>

min
x,w

c(⇥)Tx+ d(⇥)Tw

s.t. A(⇥)x+B(⇥)x 6 b

wij = xixj , 8 (i, j) 2 B,
x 2 [0, 1]dx .

<latexit sha1_base64="MPATulcgyuvdS5Ot3H7g1QmWGBA="></latexit>

Test instances

dx 2 {10, 20, 50}
5dx bilinear terms

dx bilinear inequalities

dx/5 linear equalities

Random QCQPs

24https://github.com/lanl-ansi/Alpine.jl/tree/master/examples/random_QCQPs 

https://github.com/lanl-ansi/Alpine.jl
https://github.com/lanl-ansi/Alpine.jl
https://github.com/lanl-ansi/Alpine.jl
https://github.com/lanl-ansi/Alpine.jl/tree/master/examples/random_QCQPs
https://github.com/lanl-ansi/Alpine.jl/tree/master/examples/random_QCQPs
https://github.com/lanl-ansi/Alpine.jl/tree/master/examples/random_QCQPs
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QCQP instances
Solution profiles (higher is better)

Histogram of ratios of optimality gaps

25

Random QCQPs

10-fold average over 1000 instances

2 partitioning points
4 partitioning points

60x
29x

49x
38x

Maximum 
speedup

26
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Pooling Problem
Solution profiles (higher is better) Histogram of ratios of optimality gaps

• After the first iteration, Alpine+SP2 closes the effective optimality gap for 45.2% of the 
instances, whereas default Alpine is unable to close the gap for any of the 1000 instances.

• Run times w.r.t BARON:
Average shifted 
geometric mean (sec.) Speedup

BARON 441.4
Alpine (default) 242.8 1.8x

Alpine+SP2 66.7 6.6x
Alpine+ML2 117.1 3.8x 27

Graph-based 
End-to-End 

ML framework

28
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Summary of the framework

• Generalizability: Same ML model works for 
different graph sizes (QCQPs).

• Invariance: Invariant under permutations of 
variables and constraints. 

1. Graph-based representation

2. End-to-end (E2E) learning framework

• Decision-focused learning: Integrate 
downstream decisions into predictive 
model.

• Tweaked loss function: Novel E2E loss 
function, with backpropagation challenges.

QCQP as a Computation Graph

Non-convex QCQP
Terms (variables, quadratics)

Constraints

<latexit sha1_base64="BGX3GlS9G4TceJhJdPNkizMf6d4="></latexit>

min
x2[0,1]n

xTQ(0)x+ (r(0))Tx

s.t. xTQ(1)x+ (r(1))Tx  b1

xTQ(2)x+ (r(2))Tx  b2
...

xTQ(N)x+ (r(N))Tx  bN
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Non-convex QCQP

Constraints

QCQP as a Computation Graph

Constraint 
coefficients

Terms (variables, quadratics)

<latexit sha1_base64="BGX3GlS9G4TceJhJdPNkizMf6d4="></latexit>

min
x2[0,1]n

xTQ(0)x+ (r(0))Tx

s.t. xTQ(1)x+ (r(1))Tx  b1

xTQ(2)x+ (r(2))Tx  b2
...

xTQ(N)x+ (r(N))Tx  bN

Non-convex QCQP

QCQP as a Computation Graph

<latexit sha1_base64="BGX3GlS9G4TceJhJdPNkizMf6d4="></latexit>

min
x2[0,1]n

xTQ(0)x+ (r(0))Tx

s.t. xTQ(1)x+ (r(1))Tx  b1

xTQ(2)x+ (r(2))Tx  b2
...

xTQ(N)x+ (r(N))Tx  bN

ML model features
<latexit sha1_base64="cfd73nrHLNdoT6gONyheKDZgkHQ="></latexit>

Feature Nodes
Coe�cient in objective Variables, quadratics
Cosine similarity with objective Constraints
Coe�cient Term-constraint edge nodes
Value at presolve Variables, quadratics, constraints
Value at optimum of initial relaxation Variables, quadratics, constraints
Relaxation discrepancy (wij � xixj) quadratics
Is inequality active at presolve? Constraints
Is inequality active at relaxation? Constraints

Table 1: Summary of features and associated nodes
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<latexit sha1_base64="BGX3GlS9G4TceJhJdPNkizMf6d4="></latexit>

min
x2[0,1]n

xTQ(0)x+ (r(0))Tx

s.t. xTQ(1)x+ (r(1))Tx  b1

xTQ(2)x+ (r(2))Tx  b2
...

xTQ(N)x+ (r(N))Tx  bN

Non-convex QCQP

QCQP as a Computation Graph

Finally, we apply “Scattering transform” (Φ)

• A non-parametric equivalent of a convolutional NN.

• Construct ReLU transforms and nonlinearities to 
essentially mix high and low frequency data, 
capturing convolutional structure.

Mallat, S., 2012. Group invariant scattering. Communications on Pure and Applied Mathematics, 65(10), pp.1331-1398.

Φ
Computation graph Scattering 

transform

NN with E2E 
loss function

Input 
QCQP

End-to-End learning policy
Goal : Directly fit a Neural Network (NN) with weights 𝜋 for the parametric family.

InitializationΘ "Θ
Loss

𝑁𝑁(𝜋)
Update 𝜋 via ∇-	𝐿(𝜋)   

<latexit sha1_base64="1z/l9VLPP2dJl0gZ2ZTH+wAhPpk="></latexit>

L(⇡) = E⇥[⌫
PPR(p(⇡,⇥))]� kmin{(p(⇡,⇥)� xl) , (xu � p(⇡,⇥))}k1Maximize loss function, promoting sparse partitioning:
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End-to-End loss function

𝑥+𝑝! 𝑝"

𝑧!
. =	 𝑧"

. =	

Sample realizations

𝑥+

𝑥+
𝑥+

𝑥+

No partitions

Two partitions

Three partitions

Lower bound from the MIP relaxation

End-to-End loss function

Idealized loss function:

Maximize 
relative lower bound

Promote 
sparsity

<latexit sha1_base64="GWxD8RrW39IrHQI6rcKFuiua3k0="></latexit>

Loss function is non-di!erentiable in both p and zp.
Relax binary zp→{0, 1}2n to continuous stochastic variables:
zpi ↑ Bern(z̃pi ) with z̃p→ [0, 1]2n. Take the expectation to define

L0(!, z̃p, p) := Ezp→Bern(z̃p)[L(!, zp, p) ] ,

which is smooth in z̃p and admits a generalized gradient in p.
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Stochastic Partitioning - Gradients

Idealized loss function:

Computing gradients
• For 𝑝 : Generalized gradient exists and can be computed from any pair of primal and dual solutions of 

the LP formed by fixing the integers of partitions.

• For 𝑧̃!	: Sampling binary realizations from the expectation requires solving a MIP.

• Proposed an efficient epoch-based gradient algorithm to approximate expectations.

<latexit sha1_base64="oKGL3JJ+7/Pi9YsW93SH8SIJS+Y="></latexit>

ωL0

ωpi
= → 1

|v→(!)|+ εreg
· Ezp

[
ω ϑPPR(!, zp, p)

ωpi

]

Performance of E2E policy

Alpine+SP2: 5.2x 
Alpine+ML2: 3.1x
Alpine+E2E2: 6.4x

E2E partitioning policy 
is very promising!
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Generalization performance

Trained on QCQPs with and without quadratic terms with 10 or 20 variables each. 
Tested on 50 variable QCQPs.

Alpine+SP2: 7.5x 
Alpine+E2E2: 1.7x

Alpine+SP2: 5.5x 
Alpine+E2E2: 1.2x

40
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Thank you! 

harsha@lanl.gov
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