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MOTIVATION
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* Objective: Find the sparsest single-hidden-
layer ReLU network that fits all training
data exactly

® Sparsity: Minimize the number of nonzero
input-output weight products
(o path norm)

NOTATION
Single-hidden-layer ReLU(o) network:
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Optimization Problem (Nakhleh & Nowak)
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Decision Variables
oW & [—’U_J,’U_J], b € [—B, B], Ve € [—?7,1_)]
opp(+),q. (—) > 0: ReLU Output
oz, € {0,1} : ReLU Activation Indicator
oUir = WiV : Lo path norm

(Input—Output Weight Product)
otik, sk € {0,1} : Sparsity Indicators for w, b

FUTURE WORK

e General Network Architecture:
Multivariate output y, multi-layer networks

e Alternative Sparsity Objective:

Minimize number of active neurons, etc.
e Optimal Branching Rule (L;.,t;,5):
Exploit symmetry-breaking constraints in b&b

* Parallel Computing (HPC):
Solve K —1 subproblems concurrently

SPARSEST NEURAL NETWORK VIA MILP

CHANGWON LEE, JEFF LINDEROTH

FORMULATION

Baseline (MINLP-1)
Fischetti & Jo (2018)
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Our Approach (MILP-3)
Symmetry Breaking
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ReLU Output (Linear Combination)
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ReLU Activation (Big-M)
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Exact Data Interpolation (Bilinear)

K
> prop=y"
k=1

Nonzero Weight (Path) Indicator
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Weight Bound (from Benchmark)
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Big-M Selection
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ReLU Output (Linear Combination)
ReLU Activation (Big-M)

Binarize/Enumerate Output Weight
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Exact Data Interpolation (Linear)
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Lexicographic Order of Neurons

Yn

d
L = s, + Z Qitik VEk
i=1
Ly << Lyry Ly £--- < L
Weight Bound

—w < wip <w, —b< by <b

* Reformulation (Linearization): MINLP-1 — MINLP-2 — MILP-1
* Neuron Symmetry Breaking: MILP-1 — MILP-2 — MILP-3

e MILP-2, 3: Solve K —1 subproblems (one per sign pattern vF") — select best

NUMERICAL RESULTS

e Dataset: random, teacher network (K = N/2 neurons), low-rank subspace
e Assumption: N > d, N > K; bounds from benchmark
* Solver: Gurobi 13.0.2, 3-hour limit, 10 instances per (N, data-gen method)

5 MIP Formulations Comparison (d = 3, dgm=teacher)
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e Sparsity: MINLP models fail to find optimal solutions within the 3-hour
limit even for small NV, leaving large optimality gaps.
MILP models solve to optimality on moderate-NV instances,
recovering networks at least as sparse as the /,-regularized benchmark.

e MILP-1 vs. MILP-2: Breaking output-neuron symmetry (1 large problem —
K —1 small subproblems) yields an order-of-magnitude speedup.

e MILP-2 vs. MILP-3: Marginal improvement for small-to-moderate d;
gains grow with d, possibly due to ties in the lexicographic score ;..



