Clustering via hyper-rectangles

Generating facets for W

Goal: put points in boxes to maximize the weight while minimizing size of
the hyper-rectangles.
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Example of boxing in 1D: p = [0,10,15,34,52,71,80,100]
P1 P2 P3 P4 Ps Pe p7 P8

(]
0 10 15 34 52 71 80 100

»

1 wd({0,1,2,3,4,5.6,7.8}) = pg — p; = 100.
2 wd({5})) =ps—ps=0.

3 wd({2,4,5}) = ps —p, = 42

4 wd({@hH =0

» The width of a set S C [n] is wd(S) := max {0, u(S) — £(S)}.

MIP formulation

max CTZ - W

subject to B > w > max{0, u(z) — £(z)}
z e {0,1}"

We study the convex hull:
conv {(w,z) ERX Z": B > w > max{0, u(z) - £(2)},z € {0,1}"}

L — T

Related work

» Consider the following sets:
U={wu,z) ERXZ":u > piz; Vi € [n],z € {0,1}"}
L={(£2)€RXZ":(1-¢)>(1-ppz Vi€ [nl,z €{0,1}"}
U and L are mixing sets, and conv(U N L) = conv(U ) N conv(L).

PIEW ={(w.2) eRX{0,1}":w >u(z) - £(z),z € {0,1}"}, conv(W ) is
given by the Lovasz extension by submodularity of u(z) — #(z).

Main results
Let W = conv {(w,z) ERX Z" : w > max{0, u(z) — £(z)},z € {0,1}"}
and W8 = conv {(w,z) ERXZ":B>w >max{0, u(z)—2()},z € {0,1}”}
We characterize W* and W8

L — T

» Trivial facets:w >0, 1 > z; > 0 Vi € [n].
» Non-trivial facets: w —a 'z > — §, wherea > 0, g > 0.

1. Pick two anchors, p; and pg, set # = pg — p; = 20.

p1 P2 P3 P4 ps Pe pP7 Pg
(] (] [] '] [] [] [] [} )
0 10 15 34 52 71 80 100
) S —
B =20
2. Pick p,, pg and pg as leaves. = seed w—202, —2024—20z¢g > —20.
P1 P2 P3 P4 ps Pe P17 P
[] [} [] ] [] [] [] [] :
0 10 15 34 52 71 80 100
|
B =20

3. Set p, and p, as middle points. Lifting on both sides of each leaf.
w— 10Z1—20Z2— 513— 1724—19Z5 —2026—927 —ZOZgz —-20

Qe > Qoo e

P1 P2 P3 P4 Ps Pe P17 P8
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QNN >

ag=52-15-20=17 %7~ a7=100-71-20=9

» In general, let B be leaf set:

W=D Bu= Y mnz—p. q

if i is lifted left to right
if i is lifted right to left

Pi —Pi-1
Pi+1 —Pi

i€B iZB Pis1 —Pi—1 — B if i is middle point
mbl ll mlz,bz bz b';
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Theorem 1: These lifting rules generate all facets of W,

Proof Sketch

Fix a non-trivial facet. Consider the family of tight sets on this facet:
T :={S Cn]:wd(S)-a(S)=-p}.

Crossing Lemma:
1. S, TeT andSNT # @, thenbothSNnTandS uTareinJ.
2. Moreover, a(S)+ a(T)=a(SUT)+alSNT).

Uncrossing: If I satisfies the Crossing Lemma, then we can extract a
maximal Laminar family & € 9 by replacing S, T € F where SNT # @
bySuTandSnNnT

Lemma 2: Let I := {(wd(§),z(5)): S € T} and
& = {(wd(8),2(5)) : S € Z}. Then aff(T) = aff(Z).

Corollary 3: & contains n + 1 affinely independent tight points on the
facet that uniquely determines a and f.

Construct a directed forest F = (£, A) where (S,T) € A if Sis the unique
minimal set that contains T as a subset. Root each tree at the maximal sets.

{1,2,3,4,5,6,7,8}

Fig. 1: The Laminar tree for the
example facet

Fig. 2: The Laminar tree for a general
facet

Generating facets for W5

» Trivial facets: B >w >0, 1 > z; > 0 Vi € [n].

» Non-trivial facets:
1. Clique facets: z(Q) < 1, for maximal incompatible points Q.
2w—a'z>—p wherea >0, > 0.

Construct a graph G = (V, A):V ={0,1,..n}, (i, j) € Aifp;—pi;1 < B
and w(i, j) = p; — p;y- Let T be a spanning tree of G.
Example: p =[1,2,4,7]
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