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Multistage Stochastic Optimization

Many decision-making problems are stochastic and dynamic by nature.
Examples:

) . Bond investment planning: How much
bond(s) to borrow/lend every month,

Water resources allocation: How much
water to allocate to different users
every year, given that water supply and
demand are uncertain.

Production, Logistics, Energy, Transportation, ...

Many of these can be modeled by Multistage Stochastic Programming

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024

given that rates of return are uncertain.
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Drawbacks of Multistage Stochastic Programs

@ Unknown true distributions

» Multistage Distributionally Robust Optimization can be used
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Drawbacks of Multistage Stochastic Programs

@ Unknown true distributions

» Multistage Distributionally Robust Optimization can be used

@ Grow exponentially in the number of stages

10 stages

= 20 stages “"

5 stages

e May Lack special structure (e.g., convexity, stagewise
independence, binary state variables) that prevent efficient
decomposition algorithms
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Drawbacks of Multistage Stochastic Programs

@ Unknown true distributions

» Multistage Distributionally Robust Optimization can be used

@ Grow exponentially in the number of stages

20 stages “"
10 stages

5 stages

e May Lack special structure (e.g., convexity, stagewise
independence, binary state variables) that prevent efficient
decomposition algorithms

» Computationally efficient Approximations and Bounds desirable /
the only method available
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Different Bounding Approximations

There is a rich history of bounding approximations in stochastic programming

In this talk, we will use Scenario grouping & Convolution to generate lower
bounds for multistage DRO formed with ¢-divergences and Wasserstein
distance on a finite support

Mean-CVaR  (Mahmutogullari, Cavus & Aktiirk, 2018)
Concave risk functional  (Maggioni & Pflug, 2016)

Wasserstein + moment-based (Cheramin, Cheng, Jiang & Pan, 2022)
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Introduction & Motivation

Divide & Conquer: Scenario Grouping

Scenario subgroups
Original Problem z 7 P 7

*

¥4
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Outline

e Problem Formulation & Preliminaries
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Multistage Distributionally Robust Optimization (DRO)

min  cp(x0,&) + max Ep min  c1(x1,&1)+ max Ep, | ...
x0EXo(&0) ’ P1EP; ¢0 " x1€X(x0,€1) ’ P2€P; 1 ’

-+ max E { min cr(xTr, }]
PrePreT1 P xTEXT(XT_1,€T) T( T £T)

o £:={&,&1,....67} € RD x ... x RI: random process

@ &' := (&, ...,&:): history of the random process

@ X;: mixed-integer feasibility set of decision x;

@ ¢;: possibly nonlinear cost functions
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Multistage Distributionally Robust Optimization (DRO)

min  cp(x0,&) + max Ep min  c1(x1,&1)+ max Ep, | ...
x0€Xo(&0) ’ P1EP; 0 ' x1€X1(x0,€1) ’ P2€Py 1 ’

PTePr T2 xTEXT(XT-1,6T)

-4+ max ]EPT[ min cT(xT,ﬁr)} H

» Assume £ has finitely many realizations, so we can represent the
stochastic process by a scenario tree
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Multistage Distributionally Robust Optimization (DRO)

min  co(x0,&) + max Ep min  c1(x1,&1)+ max Ep, | ...
x0E€Xo(&0) ’ P1EP; 0 | xi€Xi(x0,€1) ’ P2€P; 1 ’

-+ max E { min cr(xT, }]
PrePreT1 P xTEXT(XT_1,€T) T( T £T)

@ Pyee-1: conditional ambiguity set of distributions
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Problem Formulation & Preliminaries

Let us first focus on Two-Stage DRO
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Ambiguity Set

Pijee-1 — P: ambiguity set
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Problem Formulation & Preliminaries

Ambiguity Set

Pijee-1 — P: ambiguity set

Consider two discrete distributions Q@ = {qwl.}‘-g1 and P = {pw,.}‘g1 with
Q= {(,U]_,(.Uz, ce ,CU|Q|}
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Ambiguity Set

Pijee-1 — P: ambiguity set

Consider two discrete distributions Q@ = {qw,} —yand P = {pw} — Wwith
Q= {(.U]_,(,Uz, s ,(.U|Q|}

ol
P = {P:A(P,Q)gp, > pu=1, py 20,/:1,...,]9\}

i=1

e A: measure of distance/similarity between distributions
@ p: level of robustness or radius (nonnegative)

@ We consider A in P formulated via ¢-divergences or Wasserstein
distance
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Problem Formulation & Preliminaries

Some Commonly Used ¢-Divergences

Consider two discrete distributions Q = {qw,.}@1 and P = {pwl.}‘,.i'1 with

Q= {wi,w2,...,wq}
12| P
AO(Py Q):qu,(b( w’)
i1 Qu;
Divergence o(u) o(u),u>0 As(P, Q)
Variation Distance o |u—1| > 1P — Gu|
. . ) 1-0+0u—u® 1-%p8 at;
Cressie-Read Power Divergence | ¢cr oo 0+#0,1 a0y " ,0#£0,1
J-Divergence o] (u—1)logu S (Pw; — Gu;) log %)
x-Divergence of order a > 1 o |u—1)° > Qu; ‘1 - Z:f ’
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Problem Formulation & Preliminaries

Some Commonly Used ¢-Divergences

Consider two discrete distributions Q = {qwl.}‘.g1 and P = {pw,.}‘,.i_”1 with

Q= {W1,w2, s 7w|Q|}

1] P

wi
Ay(P, Q) —qu( )
) Qu;
Divergence o(u) ¢(u),u>0 Ay(P, Q)
Variation Distance v |u—1| > |Pw; — Gu|
. . ) 1—0+0u—u? 1-5pf as;
Cressie-Read Power Divergence | ¢cr o) 0#0,1 o= 0#0,1
J-Divergence o] (u—1)logu S (pw; — Gu;) log %)
x-Divergence of order a > 1 o3 |lu—1)7 > qu; ’1 — 5: ’
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Problem Formulation & Preliminaries

Special Cases of Cressie-Read Power Divergence

0 | Corresponding Divergence | ¢(u) ¢(u),u>0 Ay(P, Q) )

2 | Modified x*-Distance | ¢y | (u—1)2 ¥ B aa)” L? —2u+1) = LHu—1)?

1 Hellinger Distance o (Vu—1)? Z(\/pT,, \/qT,,) 43+ 3u—Vu)=2(1 - Vu)?
-1 X2-Distance by Llu—1)? > P*'fq”') —2+u+l)y=3(Vu-+
—1 Kullback-Leibler Div. oKL | ulogu—u+1 > pw Iog be u(logu—1)+1
—0 Burg Entropy ¢ | —logu+u—1 > qulog E"”; —logu+u—1

Kullback-Leibler Divergence and Burg Entropy are obtained
by taking the limit of # to 1 and 0, respectively.
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Problem Formulation & Preliminaries

Special Cases of Cressie-Read Power Divergence
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Problem Formulation & Preliminaries

Special Cases of Cressie-Read Power Divergence

0 | Corresponding Divergence | ¢(u) ¢(u),u>0 Ay(P, Q) )

2 | Modified x*-Distance | ¢y | (u—1)2 ¥ B aa)” L? —2u+1) = LHu—1)?

1 Hellinger Distance o (Vu—1)? Z(\/pT,, \/qT,,) 43+ 3u—Vu)=2(1 - Vu)?
-1 X2-Distance by Llu—1)? > P*'fq”') —2+u+l)y=3(Vu-+
—1 Kullback-Leibler Div. oKL | ulogu—u+1 > pw Iog be u(logu—1)+1
—0 Burg Entropy ¢ | —logu+u—1 > qulog E:’;; —logu+u—1

Kullback-Leibler Divergence and Burg Entropy are obtained
by taking the limit of # to 1 and 0, respectively.
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Problem Formulation & Preliminaries

Wasserstein Distance on a Finite Support

Consider two discrete distributions Q@ = {qw,}‘gl1 and P = {pwj}J'-m1 with
Q= {w,wa,...,wq}

AW('Dy Q) = ';n>|g Z Z dw,-,wjzw,-,wj

T wie UJJEQ

s.t. Z Zjw; = Qu;y  Ywj €

wi€N

Z Zyiwj = Pups Yw; € Q,

wJ-GQ

where d,; o, = |[€w; — &u;llc @ distance between the two scenarios w; and
wj using ¢-norm e.g., ¢ € {1,2,00}.

Bounds for Multistage DRO MIP Workshop 2024 11



Lower-Bound Criteria by Scenario Grouping & Convolution
Outline

e Lower-Bound Criteria by Scenario Grouping & Convolution
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Different Bounding Approximations

In this work, we will use Scenario grouping & convolution to generate lower
bounds for multistage DRO formed with ¢-divergences and Wasserstein
distance on a finite support

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024 12



Lower-Bound Criteria by Scenario Grouping & Convolution

Scenario Grouping: Disjoint Partitions

Disjoint Partitions

o o

o o e o
Group 1 Group 2
1/4 14 14 1/4 1/2 1/2 1/2 1/2
W S —’
Y, 72

Can group “similar’ or “different” scenarios in each group.

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024
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Lower-Bound Criteria by Scenario Grouping & Convolution

Scenario Grouping: Fixed Scenarios

Fixed Scenarios

=) / /|
Y,

e © o o o e o o0 ‘ 6 o
fixed Group 1 Group 1
15 15 15 15 1/5 15 2/5 2/5 15 205 25
\-/"v\___/ Ve

\ \

fh. £

Probability of the fixed scenario changes accordingly after grouping.

Qf: Set of fixed scenarios

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024
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Lower-Bound Criteria by Scenario Grouping & Convolution

Convolution (Disjoint Partitions):
Step 1: Solve Scenario Subgroup Problems

NS

\\W\\ p =)
~ p

e o o o

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024
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Lower-Bound Criteria by Scenario Grouping & Convolution

Convolution (Disjoint Partitions):
Step 1: Solve Scenario Subgroup Problems

®
o o o o ..1L ’

Original Problem Skpd: Sole each

* = min max Ep|c(x Scenario Subgeoup prohien
‘ xeX PEP, P[ ( 76)] ‘ j FY

?v - m‘é‘g n-bE?ia(“ﬂ 2 - Mlﬂ "" E;"(‘Ja
[} *x P

X

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024
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Lower-Bound Criteria by Scenario Grouping & Convolution

Convolution (Disjoint Partitions):
Step 2: Combine them through convolution

/»o
J
%
N
-
hel

e Y P
® 6 o o
4+
Zz v %
VA Y
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Lower-Bound Criteria by Scenario Grouping & Convolution

Convolution (Disjoint Partitions):
Step 2: Combine them through convolution

/
=]
ol

“ r
'Z‘ z| ?L
A Vs

Sty 2: Convolukion
2" 2 max E.:t?‘;j
= ’{;e_;}, 4
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Lower-Bound Criteria by Scenario Grouping & Convolution

Convolution (Disjoint Partitions):
Step 2: Combine them through convolution

[ _
R Y I

/
—=af|
ol

z . 2,
\/3. \/L
WANT: Sty 2: Canvolukion
Y LT 2"z max E:L7
- = z 3e );‘ T
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Lower-Bound Criteria by Scenario Grouping & Convolution

Convolution (Disjoint Partitions):
Obtaining a Lower Bound

—af
ol

.
2

%
N
-

Zz Ty 2
bA Ve

Guaranteed lower bound for expectation (i.e., traditional stochastic

programs)
E[z] <z

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024



Lower-Bound Criteria by Scenario Grouping & Convolution

Convolution (Disjoint Partitions):
Obtaining a Lower Bound

e
)’

%
N
o

—u
ol

z i 2
A Ve
» When can this method guarantee a lower bound for DRO?
@ 1, p2,...,pc: Radii for subgroup problem g =1,...,G
@ Pmax = max{p1, p2,.-.Pc}

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024
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Lower-Bound Criteria by Scenario Grouping & Convolution

Lower-Bound (LB) Criteria for ¢ Divergences

Informal Theorem
@ Cressie-Read Power Divergence:

when 6 € (0,1)

P+ Pmax < p
P+ Pmax —O(L—0) - p- prmax < p when 6 <0or6>1(and Qf = @)
P+ Pmax < p when 6 —0orf —1,

where 6 # 0, 1 and Q¢ is the set of all fixed scenarios. )

This result for Cressie-Read Power Divergence covers all special cases of
its family listed in previous slide.

MIP Workshop 2024 16
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Lower-Bound (LB) Criteria for ¢ Divergences

Informal Theorem [cont.]

@ Variation Distance:
5'ﬁmax+5+ﬁmax <p.

© J-Divergence:

i
+
sl
3

L

X
AN
s

@ x-Divergence of order a:

1 1 112
a

[(5)5 + (ﬁmax)g + (5 N ﬁmax) S p When Qf = @,

where a > 1 based on the definition and €f is the set of all fixed
scenarios.

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024
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Lower-Bound Criteria by Scenario Grouping & Convolution

Lower-Bound (LB) Criteria for Wasserstein Distance

\YI } Challenge:

How do | do Step 2
(convolution)?

ol

2 2,
\' \1‘ What is a “distance” between
h /e

groups?
SHE %.: Canvolukion
z" - %ﬂmg E‘f.\:?‘ﬂ]

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024 18



Lower-Bound Criteria by Scenario Grouping & Convolution

Lower-Bound (LB) Criteria for Wasserstein Distance

Informal Theorem [cont.]

© Wasserstein Distance:
Let the distance between scenario groups be defined as

max  {d...;} Wwhen g1 # g, g1, & € [m/]
w €0, wief)

0 when g1 =g, g1, & € [mi].

dgl 82 =

Then, the LB criteria for DRO with Wasserstein distance is as follows:

5+ﬁmax <p.

Group Group/2

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024



Outline

@ Lower Bounds for Multistage DRO
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Lower Bounds for Multistage DRO

How to Implement the LB Criteria to Multistage Problems?

Two approaches:

© First-level LB criteria for multistage problems

» Tree can be dissected in any way

» Convolution done “only” at the first stage

» Applicable to ¢-divergences

» [Applicable to Wasserstein only if dissected at 1st stage]

@ Multi-level LB criteria for multistage problems

» Tree must be dissected in a specific way
» Convolution performed in a backward “nested” manner
» Applicable to both Wasserstein and ¢-divergences

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024
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Lower Bounds for Multistage DRO

First-Level LB

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024 21



First-Level LB Multistage Stochastic Programs

After dissecting the scenario tree,
© Only change first-stage p; to o1

@ For all other stages, t =2,..., T, keep the radii the same as the
original problem: po, ... pr

© Then, combine the optimal values of scenario groups via p

To obtain LB, p1, p must satisfy above criteria

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024
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First-Level LB Multistage Stochastic Programs

® p @) =) @2 @020 02 QP2 =mmp

® OO0 0 06 6D O ©® VO 06 6O ©
Original Problem Scenario subgroups Convolution

3

P Z]  Zy Zz Iy z'

Total Variation Distance: if 5'51-0- p+7, <p1 then g* <z

Applicable to ¢-divergences

(or Wasserstein distance with tree dissected only at the root node)
Bounds for Multistage DRO MIP Workshop 2024



First-Level LB

Informal Theorem (First-Level LB)

With scenario tree dissected in any form, apply the above procedure to
only the first-stage for Multistage DRO formed via ¢-divergences (or
Wasserstein distance with tree dissected only at the root node). If the
parameters p and .. satisfy the above criteria with respect to original
problem’s p1, then,

First-Level Scenario Grouping & Convolution provides a valid LB.

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024 24



Lower Bounds for Multistage DRO

Multi-Level LB

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024 25



Multi-Level LB Multistage Stochastic Programs

Unfortunately, we do not have a distance between scenario groups (in the
general multistage case) for Wasserstein distance.

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024 26



Multi-Level LB Multistage Stochastic Programs

Unfortunately, we do not have a distance between scenario groups (in the
general multistage case) for Wasserstein distance.

© Let 7 be the last stage the scenario tree is dissected

e M ® [ ] t=0
e h b=t

* R w0 *

O PO 0 0000 ONOO 66006 t=1
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Multi-Level LB Multistage Stochastic Programs

Unfortunately, we do have a distance between scenario groups (in the
general multistage case) for Wasserstein distance.

© Let 7 be the last stage the scenario tree is dissected

o M ® ® [ ] [ ] +-0
_’ ?Pz — @ @ . . t:l

O 2O 0 © 00 06 © 00 06 60 6 Lt=T-2

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024 26



Scenario Tree Dissected Up To Stage 7

Informal Definition (Scenario Tree Dissected Up To Stage 7)
@ Same Ancestor: All nodes at stage 7 in a given subgroup must have
the same ancestor,

@ AII Children: All children of stage 7 in a given subgroup must be in
that subgroup,

© Disjoint subgroups: The nodes at stage 7 of different subgroups
must be disjoint.

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024 27




Scenario Tree Dissected Up To Stage 7

Informal Definition (Scenario Tree Dissected Up To Stage 7)
@ Same Ancestor: All nodes at stage 7 in a given subgroup must have
the same ancestor,

@ AII Children: All children of stage 7 in a given subgroup must be in
that subgroup,

© Disjoint subgroups: The nodes at stage 7 of different subgroups
must be disjoint.

» Tree dissected up to stage 7 € 7 \ {0,1} forms a refinement of a
tree dissected up to stage 7 — 1

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024 27




A Nested Refinement

e M [

N L

‘ . Py )

© 000 6000 ONOO OO O

Original Tree l

£ =2

© 066 0 6 60 0

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO

MIP Workshop 2024
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Multi-Level LB Multistage Stochastic Programs

Up to Stage 7: For stages t = 1,...,7, choose radii p1,...,p;

From 7+ 1 to End: Fort =7+1,... T, keep the same radii as the
original problem: p,i1,...,pT

Combme/Convqute in a recursive way: starting from 7 up to
stage t = 1 using pr,...,p1

At each stage up to stage 7, the corresponding LB criteria must be
satisfied. Ex: For Wasserstein distance,

[=)t—|—ﬁt7maX§pt fora”t:T,...,].

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024 29



A Nested Refinement

o [ +=0
. ‘pl = - ‘ t:oCsf
© PO 0 6000 ONOO 000 O L=l
Original Tree I
[ ] [ ] [ ] ® =0

®@ 8O 0 © 06 O
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A Nested Refinement

® " ® £=290
® @t ® T
O POOD 600D 6VDOO 60O b=

Original Tree I I

(. .\ (. .\ =0

¢ o e o =

0 00 o) \s o0 o) ()
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Lower Bounds for Multistage DRO

A Nested Refinement

© 060 66600

Original Tree

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO

'

I

(o o)

® @

e o0 o

R

MIP Workshop 2024
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Multi-Level LB Multistage Stochastic Programs

o .31 .31‘?1 .31

® @, = 00 QR OD Q) wmmp

O PO 0 © 00 O O© 00 06 GO ©

ioi Scenario subgroups .
Original Problem group Convolution
Z* Z-i Z, Z3 Zy Z*
Wasserstein Distance: if jc-+p: <p: forall t=1,..., 7 then z"<2°

Applicable to both ¢-divergences and Wasserstein distance

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024
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Multi-Level LB Multistage Stochastic Programs

@ Q@ /2 =) ® Q —)

P OO0 6OOO gpon 6600

ioi Scenario subgroups .
Original Problem : group: Convolution
Z. Z
21 L2
Z* é*
Wasserstein Distance: if jc-+p: <p: forall t=1,..., 7 then z"<2°

Applicable to both ¢-divergences and Wasserstein distance

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024
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Multi-Level LB

Informal Theorem (Multi-Level LB)

With scenario tree dissected up to stage 7, apply the above procedure to
stages t = 7,...,1 for Multistage DRO formed via ¢-divergences or
Wasserstein distance. If the parameters p; and j; max satisfy the above
criteria with respect to original problem’s p;, for all t =1,..., 7 then,

Multi-Level Scenario Grouping & Convolution provides a valid LB.

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024 33



Outline

e Computational Results
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Multistage Mixed-Integer Production/Inventory Problem

We applied the LB methods to a multistage mixed-integer production
inventory problem, modified from (Maggioni & Pflug, 2016)

The problem has

@ 6stages t=0,1,...T =5

540 total scenarios (=5 x 4 x 3 x 3 x 3)

@ Scenarios obtained by discretized time-inhomogenous exponential
autoregressive with lag 1 process

pr =05 forall t=1,..., T and all ambiguity sets

Also created a two-stage variant with 100 scenarios with p = 0.1 for
Variation Distance and Modified x? and p = 1.5 for Wasserstein

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024 34



Computational Results

Two-Stage Results:

Effect of Grouping + Best (p, pmax) combination

Bayraksan, Maggioni, Faccini & Yang

Bounds for Multistage DRO

MIP Workshop 2024
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Two-Stage Results: Effect of Grouping

In addition to “disjoint” and “fixed” scenarios, we examine

e Similar: Groups get similar scenarios (e.g., all low-demand)

o Different: Groups have different scenarios (e.g., some low- some
high-demand scenarios)

e Sequential: The way scenario tree was generated (e.g., random)
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Computational Results

Two-Stage Results — Variation Distance

Bayraksan, Maggioni, Faccini & Yang
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Computational Results

Multi-Stage Results:

First-Level LB vs. Multi-Level LB
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Computational Results

Results on Modified y?

We choose the combinations (9, pmax) With:

7 € {0.00,0.25,0.50} and fmax =

(7, Pinaz ) = (0.00,0.50)

Distance: First-Level LB

(P Prnaz ) = (0.25,0.20)
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CPU time (in seconds) CPU time (in seconds) CPU time (in seconds)

We choose subsets to be disjoint and follow the structure of the scenario
tree with size of subgroups | =1,3,9,27,54, applying first-level LB.
Best upper bound — Best LB ~ 3%
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Computational Results

Results on Modified y? Distance: First-Level vs.

Multi-Level LB

We look at only p = 0.5, pmax = 0.0
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Outline

e Conclusions
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Conclusions

Takeaways - |

@ The greater the number of scenarios per subproblem, the sharper
the obtained lower bounds

o Fixing certain high-cost scenarios can be beneficial for some DRO
(e.g., Variation distance; Wasserstein distance)

@ When the size of the subgroups is small, numerical results indicate
that multi-level LB can be more effective than first-level LB
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Conclusions

Takeaways - |l

@ When the dispersion within subgroups increases,

o Different (or Sequential) strategies
o Fixing worst-case scenario

o Size of subgroups at the point where bounding is applied is larger

more importance should be assigned to pmax (i.€., Pmax . P)
at the expense of p (i.e., p\y0)

@ and vice versa
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Conclusions

Takeaways - III (disjoint scenarios)

Original 16 subgroups

wp Wy W15 Wie

P =P Pmax =0

2 subgroups N 4 subgroups

® ®©..-0 00 -0 0000 0000
w1 W2 Wg W9 W1g W16 W1 Wz W3 Wy W13 W14 W15 W16
P = 0,Pmax = p depends
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Conclusions

Can these bounds be used in an algorithmic way?
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Conclusions

Can these bounds be used in an algorithmic way?

Yes.

Ahmed (2013)
Mahmutogullari, Cavus & Aktiirk (2019)

Deng et al. (2021)
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Conclusions

Can these bounds be used in an algorithmic way?

Yes.

Ahmed (2013)
Mahmutogullari, Cavus & Aktiirk (2019)

Deng et al. (2021)

Assume first-stage variables are binary

B: set of first-stage variables

Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO
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Solution Algorithm

0 Initialize UB = +00, LB = —o0; C = (; A Dissection of Scenario Tree

While UB > LB and B\ C # ()
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Solution Algorithm

0 Initialize UB = +00, LB = —o0; C = (; A Dissection of Scenario Tree

While UB > LB and B\ C # ()

1 Scenario Decomposition (lower bound) on set B\ C:

L W JL R"
. R, = @ '3 . IX
e o o oj o o 0 o } ®e
u Group 2
Add newly obtained solutions to C;
Update LB
2 Evaluation (upper bound):
[ ) Fixing x = x [ ) Fixing x = x;
o o o o o o 0 o

Update UB
Bayraksan, Maggioni, Faccini & Yang Bounds for Multistage DRO MIP Workshop 2024
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Conclusions

Solution Algorithm: No-Good Cuts

Each group subproblem (MINLP) is solved over updated set

B\C=qxeB: > (1-x)+ > x>1¥x e€Cy,

. / . /
ix; =1 i:x; =0
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Food for Thought

e Can the algorithm be improved (e.g., specialized for some problems)?

@ |s there a way to optimally partition the scenario tree?

Ryan, Ahmed, Dey, Rajan, Musselman, Watson, (2020) “Optimization-Driven
Scenario Grouping”
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Food for Thought

Can the algorithm be improved (e.g., specialized for some problems)?

@ |s there a way to optimally partition the scenario tree?

Ryan, Ahmed, Dey, Rajan, Musselman, Watson, (2020) “Optimization-Driven

Scenario Grouping”

o Can we use “effective” scenarios to strengthen the bounds?

@ Can we use within sampling-based methods like SDDP?
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Conclusions

Thank you!

(bayraksan.1Qosu.edu)

Bayraksan, G., Maggionni, F., Faccini, D. and M. Yang,
“Bounds for Multistage Mixed-Integer Distributionally Robust Optimization,”

SIAM Journal on Optimization, 34(1): 682-717, 2024
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Results on Modified y? Distance

We choose the combinations (9, pmax) With:

7 € {0.00,0.25,0.50} and pmax =

(7+Puas ) = (0.00,0.50)

(7 Punas ) = (0.25,0.20)

-1500

-1550

= -1600

-1650

-1500

-1550

= -1600
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0 500 1000 1500 2000 2500
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We choose subsets to be disjoint and follow the structure of the scenario

o 500 1000 1500 2000 2500
CPU time (in seconds)

0 500 1000 1500 2000 2500
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tree with size of subgroups / =1,3,9,27,54.
Best upper bound — Best LB ~ 3%
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LB Criteria for Multistage DRO with Wasserstein Distance

Clg = 21*(4)722*(4) z;(4)’z:(4)7z5*(4)

b

z 4)

2@, 25‘(4)}

» <7

b
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Conclusions

LB Criteria for Multistage DRO with Wasserstein Distance

14

15 @16 @17 #18 ®19

20 921

Distance Between Scenario Groups
max

dey.er 1= {
0

Y
iy,

jeat, {dis} when g1 7 g,

when g1 = g,

where g1 and g» are chosen s.t. Vn; € Q(T’,)gl, = Q(T’,)g2 ca(m) = a(m)
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LB Criteria for Multistage DRO with Wasserstein Distance

14

15 @16 @17

18

19 €20 2]

e
ot
se

Example: Distance Between Groups 1 and 2

di2 == max{|[& — &slle, |[€6 — &olle, 167 — Eslle, 1167 — ol } -
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LB Criteria for Multistage DRO with Wasserstein Distance

Bayraksan, Maggioni, Faccini & Yang

max B [, 50] < 5

2223 ...
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Conclusions

LB Criteria for Multistage DRO with Wasserstein Distance

max B [21®, 25®, 22® 220] < o+

|

1

5= max B (@, 9] < #©
P.eP ,_ N
w(z)

20 < 5® 20 < z®

Distances Between Groups

dio = |&2 = &lls, diz = |& — &lls,
dia = |82 —&lls, dazi=|& — &lls,
dra = |& —&lls, dsa = |[& — &lls.
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