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Occam's razor
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Principle of Parsimony

3
1) Wrinch & Jeffreys, Philosophical Magazine Series, 1921

“The existence of simple laws is, then, apparently, to be 
regarded as a quality of nature”. 1)



Sparse Learning

4

<latexit sha1_base64="xH1BDDCBMe7WTAj8JZqdCccRQBg="></latexit>

min
x,z

{H(x) : (x, z) 2 X ⇥ Z, xi(1� zi) = 0, 8i 2 [d]}
<latexit sha1_base64="dP0XbN/JlWB2G4fcNzJ90Qb44sg="></latexit>

⇧ H : Rm ! R is convex

⇧ X ⇥ Z ✓ Rd ⇥ {0, 1}d

⇧ zi = 0 =) xi = 0

⇧ H(x) =
P

k2[n] hk(a>
k x) + h0(x)



Epigraph Set
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<latexit sha1_base64="xH1BDDCBMe7WTAj8JZqdCccRQBg="></latexit>

min
x,z

{H(x) : (x, z) 2 X ⇥ Z, xi(1� zi) = 0, 8i 2 [d]}



Epigraph Set
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<latexit sha1_base64="UcitXcyAumYSPOGOvDhFxal5oG0="></latexit>

{(⌧,x, z) 2 R⇥ X ⇥ Z : H(x)  ⌧, xi(1� zi) = 0, 8i 2 [d]}
<latexit sha1_base64="gbmfnD4gsDEs/cR8bHBvW3AAgE8="></latexit>

⇧ Valid inequalities?

⇧ Big-M free formulations?

⇧ Closed convex hull?

<latexit sha1_base64="xH1BDDCBMe7WTAj8JZqdCccRQBg="></latexit>

min
x,z

{H(x) : (x, z) 2 X ⇥ Z, xi(1� zi) = 0, 8i 2 [d]}



Separable and Non-Separable Structure
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<latexit sha1_base64="itXtJeREiPICgMhMqu+9D70TnsE="></latexit>

T :=

(
(⌧,x, z) 2 R⇥ X ⇥ Z :

h(a>x)  ⌧,

xi(1� zi) = 0, 8i 2 [d]

)

<latexit sha1_base64="bsLY+Z/4FwdAlT/bMkiNqNflbKM="></latexit>

H :=

(
(⌧,x, z) 2 R⇥ X ⇥ Z :

P
i2[d] hi(xi)  ⌧,

xi(1� zi) = 0, 8i 2 [d]

)



Proof Strategy
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Proof Strategy
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Conic Binary 
Optimization

Perspective 
Functions



Conic Binary Sets
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<latexit sha1_base64="gB6Z9RJ/qEbDLKiz8A/4OJWJL3Y="></latexit>

S(�,K) = {(↵, �) 2 Rm ⇥� : Ai↵i +Bi�i 2 Ki, 8i 2 [p]}

<latexit sha1_base64="Wymb0YhXcDF/TZo6m26WvEOW3Mc="></latexit>

⇧ ↵ = (↵1, . . . ,↵p)

⇧ � ✓ {0, 1}n

⇧ Ki is a convex cone & 0 2 Ki

⇧ K = ⇥i2[d]Ki



Main Result

11

Theorem 1. The following holds
<latexit sha1_base64="b60YRBMuGS9fLqXah4W/6DPuE/s="></latexit>

⇧ conv(S(�,K)) = S(conv(�),K)

⇧ cl conv(S(�,K)) = S(conv(�), cl(K))



Main Result

12

Theorem 1. The following holds

<latexit sha1_base64="UTZ5QHHZzUSg/HdFN9scjbnEnOM="></latexit>

⇧ �i > 0 & Ai↵i +Bi�i 2 cl(Ki) =) Ai↵i +Bi�i 2 Ki

⇧ Bi 2 Ki

<latexit sha1_base64="6mSyWzLcI4WQbjr/oarbNHPGPRo="></latexit>

Assumption 1. Ki is nice:

<latexit sha1_base64="b60YRBMuGS9fLqXah4W/6DPuE/s="></latexit>

⇧ conv(S(�,K)) = S(conv(�),K)

⇧ cl conv(S(�,K)) = S(conv(�), cl(K))



Proof of Theorem 1
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<latexit sha1_base64="de0RuImOaowc5jLucwjNTOWhBYQ="></latexit>

⇤ (↵̄, �̄) 2 S(conv(�),K) =) �̄ 2 conv(�) =) �̄ =
P

k2[q] �k�k

<latexit sha1_base64="ITldTKjWGkrN4aYz+/DLS/Hc1NQ="></latexit>

⇧ conv(S(�,K)) ✓ S(conv(�),K)

⇧ conv(S(�,K)) ◆ S(conv(�),K)



Proof of Theorem 1
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<latexit sha1_base64="de0RuImOaowc5jLucwjNTOWhBYQ="></latexit>

⇤ (↵̄, �̄) 2 S(conv(�),K) =) �̄ 2 conv(�) =) �̄ =
P

k2[q] �k�k

<latexit sha1_base64="ITldTKjWGkrN4aYz+/DLS/Hc1NQ="></latexit>

⇧ conv(S(�,K)) ✓ S(conv(�),K)

⇧ conv(S(�,K)) ◆ S(conv(�),K)

<latexit sha1_base64="wSFvDGjMJcJn1Hi3u9gYyy6AUJI="></latexit>

⇤ ↵k
i :=

8
><

>:

↵̄i, if �̄i = 0

↵̄i/�̄i, if �̄i 6= 0 and �ki = 1

0, if �̄i 6= 0 and �ki = 0



Proof of Theorem 1
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<latexit sha1_base64="ITldTKjWGkrN4aYz+/DLS/Hc1NQ="></latexit>

⇧ conv(S(�,K)) ✓ S(conv(�),K)

⇧ conv(S(�,K)) ◆ S(conv(�),K)

<latexit sha1_base64="5n26IqoRR/eE8RSXx0pC15S0sYM="></latexit>

⇤ (↵k, �k) 2 S(�,K)

<latexit sha1_base64="9YKEdjv7fToxGD2/VB6bi2hFTEc="></latexit>

⇤ (↵̄, �̄) =
P

k2[q] �k(↵k, �k)

<latexit sha1_base64="qNx3SXlIL7KXRFK6WBWrzbL7mAo="></latexit>

=) (↵̄, �̄) 2 conv(S(�,K))



Perspective Function

16

<latexit sha1_base64="o+cT6fyMjts4hOSLZS3XzYmWi1U="></latexit>

⇧ h : Rd ! R is proper l.s.c. and convex

⇧ h(0) = 0

<latexit sha1_base64="nR9ApZ+FRuCT08w1cIdIBofgqgs="></latexit>

h+(x, w) :=

8
><

>:

w h(x/w), if w > 0,

0, if w = 0 and x = 0,

+1, otherwise.



Closed Perspective Function
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<latexit sha1_base64="+LdQ21OaQDfkD5loMcpZSRWe2wM="></latexit>

h⇡(x, w) :=

8
><

>:

w h(x/w), if w > 0,

lims#0 s h(x/s), if w = 0,

+1, otherwise.

<latexit sha1_base64="o+cT6fyMjts4hOSLZS3XzYmWi1U="></latexit>

⇧ h : Rd ! R is proper l.s.c. and convex

⇧ h(0) = 0



Perspective Cone

18

Lemma 1. The following holds.
<latexit sha1_base64="at2hiZ5nw5W1f3vqouobBj3hj88="></latexit>

⇧ epi(h+) is a convex cone

⇧ 0 2 epi(h+)

⇧ epi(h+) is nice

⇧ cl(epi(h+)) = epi(h⇡)

⇧ epi(h) with no line =) epi(h⇡) is pointed

<latexit sha1_base64="af0dTgIuJmdZVjt6LZYxZ/hbBAw="></latexit>⌘

<latexit sha1_base64="UTZ5QHHZzUSg/HdFN9scjbnEnOM="></latexit>

⇧ �i > 0 & Ai↵i +Bi�i 2 cl(Ki) =) Ai↵i +Bi�i 2 Ki

⇧ Bi 2 Ki

<latexit sha1_base64="6mSyWzLcI4WQbjr/oarbNHPGPRo="></latexit>

Assumption 1. Ki is nice:

<latexit sha1_base64="b60YRBMuGS9fLqXah4W/6DPuE/s="></latexit>

⇧ conv(S(�,K)) = S(conv(�),K)

⇧ cl conv(S(�,K)) = S(conv(�), cl(K))



Perspective Reformulation Technique
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<latexit sha1_base64="1T3WmVO1C8E9uQV/OimJ2OEsBvQ="></latexit>

W :=

8
><

>:
(�,�, �) 2 Rm ⇥ Rp ⇥� :

hi(�i,1)  �i, 8i 2 [p],

�i,1(1� �i) = 0, 8i 2 [p],

Ci�i 2 Ci, 8i 2 [p]

9
>=

>;



Perspective Reformulation Technique

20

Theorem 2.

<latexit sha1_base64="1T3WmVO1C8E9uQV/OimJ2OEsBvQ="></latexit>

W :=

8
><

>:
(�,�, �) 2 Rm ⇥ Rp ⇥� :

hi(�i,1)  �i, 8i 2 [p],

�i,1(1� �i) = 0, 8i 2 [p],

Ci�i 2 Ci, 8i 2 [p]

9
>=

>;

<latexit sha1_base64="z6VzSrD/5jCSIdawGws/F13O4a0="></latexit>(
(�,�, �) 2 Rm ⇥ Rp ⇥ conv(�) :

h+
i (�i,1, �i)  �i, 8i 2 [p],

Ci�i 2 Ci, 8i 2 [p]

)

<latexit sha1_base64="38/2Yryy+JWBQ7Xvk4oDy6bu1Ec="></latexit>

conv(W) is given by



Perspective Reformulation Technique

21

Theorem 2. 

<latexit sha1_base64="pifMXy8ZcEIoNOmJwue24w5JmEU="></latexit>

W :=

8
><

>:
(�,�, �) 2 Rm ⇥ Rp ⇥� :

hi(�i,1)  �i, 8i 2 [p],

�i,1(1� �i) = 0, 8i 2 [p],

Ci�i 2 Ci, 8i 2 [p]

9
>=

>;

<latexit sha1_base64="ICKKpg5idtIltZDv5xPIGqXJEIo="></latexit>(
(�,�, �) 2 Rm ⇥ Rp ⇥ conv(�) :

h⇡
i (�i,1, �i)  �i, 8i 2 [p],

Ci�i 2 Ci, 8i 2 [p]

)

<latexit sha1_base64="drbZ8R1MpwjVf6NrmmAn6ArE2Qc="></latexit>

cl conv(W) is given by



Proof of Theorem 2
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<latexit sha1_base64="eiuA3EOx8Ybf54deAnAF9fhI7w8="></latexit>

W =

(
(�,�, �) 2 Rm ⇥ Rp ⇥� :

h+
i (�i,1, �i)  �i, 8i 2 [p],

Ci�i 2 Ci, 8i 2 [p]

)

<latexit sha1_base64="1T3WmVO1C8E9uQV/OimJ2OEsBvQ="></latexit>

W :=

8
><

>:
(�,�, �) 2 Rm ⇥ Rp ⇥� :

hi(�i,1)  �i, 8i 2 [p],

�i,1(1� �i) = 0, 8i 2 [p],

Ci�i 2 Ci, 8i 2 [p]

9
>=

>;

<latexit sha1_base64="nR9ApZ+FRuCT08w1cIdIBofgqgs="></latexit>

h+(x, w) :=

8
><

>:

w h(x/w), if w > 0,

0, if w = 0 and x = 0,

+1, otherwise.
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<latexit sha1_base64="eiuA3EOx8Ybf54deAnAF9fhI7w8="></latexit>

W =

(
(�,�, �) 2 Rm ⇥ Rp ⇥� :

h+
i (�i,1, �i)  �i, 8i 2 [p],

Ci�i 2 Ci, 8i 2 [p]

)

<latexit sha1_base64="gB6Z9RJ/qEbDLKiz8A/4OJWJL3Y="></latexit>

S(�,K) = {(↵, �) 2 Rm ⇥� : Ai↵i +Bi�i 2 Ki, 8i 2 [p]}

<latexit sha1_base64="KSX5YuSjV1Og5pKcb6FMGcWPH/o="></latexit>

h+
i (�i,1, �i)  �i & Ci�i 2 Ci () Ai↵i +Bi�i 2 Ki

<latexit sha1_base64="AIgBNtYUWc0IwnpUcRuLj6JGM+0="></latexit>

↵i = (�i, �i), Ai =

2

664

0> 1

e>1 0

0> 0

Ci 0

3

775 , Bi =

2

664

0
0
1
0

3

775 , Ki = epi(h+
i )⇥ Ci



Separable Structure

24

[1] Günlük & Linderoth, Mathematical Programming, 2010 
[2] Xie & Deng, SIAM Journal on Optimization, 2020  
[3] Wei, Gómez & Küçükyavuz., Mathematical Programming, 2022 
[4] Bacci, Frangioni, Gentile & Tavlaridis-Gyparakis, Operations Research, 2023 

Theorem 3.
<latexit sha1_base64="am2TqjEOy5Se6wxAPqtvunHhlm0="></latexit>

cl conv(H) =

8
<

:(⌧,x, z) 2 R⇥ X ⇥ conv(Z) :
X

i2[d]

h⇡
i (xi, zi)  ⌧

9
=

;

<latexit sha1_base64="A6gQrYV2/N9ljkkme7A3KF0PLzA="></latexit>

If X =
�
x 2 Rd : xi � 0, 8i 2 I

 
, then

<latexit sha1_base64="bsLY+Z/4FwdAlT/bMkiNqNflbKM="></latexit>

H :=

(
(⌧,x, z) 2 R⇥ X ⇥ Z :

P
i2[d] hi(xi)  ⌧,

xi(1� zi) = 0, 8i 2 [d]

)



Separable Structure
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[1] Günlük & Linderoth, Mathematical Programming, 2010 
[2] Xie & Deng, SIAM Journal on Optimization, 2020  
[3] Wei, Gómez & Küçükyavuz., Mathematical Programming, 2022 
[4] Bacci, Frangioni, Gentile & Tavlaridis-Gyparakis, Operations Research, 2023 

<latexit sha1_base64="adZFuwNu1SqYcfQ1xHl9YZ9/EvI="></latexit>X <latexit sha1_base64="maM3KN3Fwfqn/DmsL0sBEDJqIMc="></latexit>Z
<latexit sha1_base64="4AhZkM2hp8/yXX6hOtHjhMB7/+A="></latexit>

h
<latexit sha1_base64="vD8YAU8n24/ShArFerKQ0zjg0HQ="></latexit>

Proof

[1]

[2]

[3]

[4]

<latexit sha1_base64="FnFTmgJmFYXkK8YsathS2/BjYhw="></latexit>

Rd
<latexit sha1_base64="OgN2h5mbqaDXc9en4I1qRl9asvI="></latexit>

{0, 1}d
<latexit sha1_base64="GEfkcFeu6fsdmz3DqqO37fDEKgw="></latexit>

super-linear
<latexit sha1_base64="WiWA4m9cs/RWn78Jo5OOS22UmCI="></latexit>

constructive
<latexit sha1_base64="+UQADl+RcnOjLH0yTTGuPCjLZeE="></latexit>

quadratic
<latexit sha1_base64="FnFTmgJmFYXkK8YsathS2/BjYhw="></latexit>

Rd

<latexit sha1_base64="FnFTmgJmFYXkK8YsathS2/BjYhw="></latexit>

Rd

<latexit sha1_base64="FnFTmgJmFYXkK8YsathS2/BjYhw="></latexit>

Rd

<latexit sha1_base64="F2iqF1Z3Kj9hXCw9KeZyFzurX/M="></latexit>

✓ {0, 1}d
<latexit sha1_base64="F2iqF1Z3Kj9hXCw9KeZyFzurX/M="></latexit>

✓ {0, 1}d

<latexit sha1_base64="y+n+ozbeI5CWUU6c29yeawMR1EQ="></latexit>

real-valued
<latexit sha1_base64="H90iFArYU0652ajWpYj1GgY/j4U="></latexit>

support function
<latexit sha1_base64="H90iFArYU0652ajWpYj1GgY/j4U="></latexit>

support function
<latexit sha1_base64="vPvnltRcrl8hUSYwJir4/ARM5dE="></latexit>

slater

<latexit sha1_base64="CqZXfg59EGHAZg08JnooQeDAqfE="></latexit>

disjunctive
programming

<latexit sha1_base64="QDlrkpbcNrtXzqKJ6Dsc3ZABIvQ="></latexit>

cardinality



Proof of Theorem 3
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<latexit sha1_base64="ThMLVqQgZMMiZ4lGA1+PhnPew/8="></latexit>

⇧ H = {(⌧,x, z) : 9t s.t. (⌧,x, z, t) 2 R⇥H, 1>t = ⌧}

<latexit sha1_base64="rjijTustytijNuwIIF4RLPit6EQ="></latexit>

⇧ H :=

(
(x, z, t) 2 X ⇥ Z ⇥ Rd :

hi(xi)  ti, 8i 2 [d],

xi(1� zi) = 0, 8i 2 [d]

)



Proof of Theorem 3
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<latexit sha1_base64="a9vuEWzWT9IryMwuLvPWmYF5+Cc="></latexit>

⇧ cl conv(H) =

(
(⌧,x, z) : 9t s.t.

(⌧,x, z, t) 2 R⇥ cl conv(H),

1>t = ⌧

)

<latexit sha1_base64="rjijTustytijNuwIIF4RLPit6EQ="></latexit>

⇧ H :=

(
(x, z, t) 2 X ⇥ Z ⇥ Rd :

hi(xi)  ti, 8i 2 [d],

xi(1� zi) = 0, 8i 2 [d]

)



Proof of Theorem 3
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<latexit sha1_base64="1T3WmVO1C8E9uQV/OimJ2OEsBvQ="></latexit>

W :=

8
><

>:
(�,�, �) 2 Rm ⇥ Rp ⇥� :

hi(�i,1)  �i, 8i 2 [p],

�i,1(1� �i) = 0, 8i 2 [p],

Ci�i 2 Ci, 8i 2 [p]

9
>=

>;

<latexit sha1_base64="pihJbX53CQFTCJsN5HtIBMLxDEU="></latexit>

⇧ H :=

(
(x, z, t) 2 X ⇥ Z ⇥ Rd :

hi(xi)  ti, 8i 2 [d],

xi(1� zi) = 0, 8i 2 [d]

)

<latexit sha1_base64="a9vuEWzWT9IryMwuLvPWmYF5+Cc="></latexit>

⇧ cl conv(H) =

(
(⌧,x, z) : 9t s.t.

(⌧,x, z, t) 2 R⇥ cl conv(H),

1>t = ⌧

)

<latexit sha1_base64="xEAV/+UK8GrPWAWbKepm/I+W1W0="></latexit>

⇧ cl conv(H) =
�
(x, z, t) 2 X ⇥ conv(Z)⇥ Rd : h⇡

i (xi, zi)  ti, 8i 2 [d]
 



Theorem 4.

Rank-One Structure I
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[1] Atamtürk & Gómez, Mathematical Programming, 2022  
[2] Wei, Gómez & Küçükyavuz, IPCO, 2020.  
[3] Wei, Gómez & Küçükyavuz., Mathematical Programming, 2022 
[4] Han & Gómez, arXiv, 2021

<latexit sha1_base64="tJVY6+IPuk+CUUNvGA4CN1bNh+o="></latexit>

If X = Rd and Z is connected, then
<latexit sha1_base64="0WOi8/LE5kmowgNiEEeBkvXXoRU="></latexit>

cl conv(T ) =

(
(⌧,x, z) 2 R⇥ Rd ⇥ Rd : 9w 2 R s.t.

h⇡(a>x, w)  ⌧,

(w, z) 2 conv(�1)

)

<latexit sha1_base64="8t0ZIDq+2BQiuyt5Y/QunRNOwZg="></latexit>

�1 := {(w, z) 2 {0, 1}⇥ Z : w  1>z}

<latexit sha1_base64="itXtJeREiPICgMhMqu+9D70TnsE="></latexit>

T :=

(
(⌧,x, z) 2 R⇥ X ⇥ Z :

h(a>x)  ⌧,

xi(1� zi) = 0, 8i 2 [d]

)
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[1] Atamtürk & Gómez, Mathematical Programming, 2022  
[2] Wei, Gómez & Küçükyavuz, IPCO, 2020.  
[3] Wei, Gómez & Küçükyavuz., Mathematical Programming, 2022 
[4] Han & Gómez, arXiv, 2021

<latexit sha1_base64="maM3KN3Fwfqn/DmsL0sBEDJqIMc="></latexit>Z
<latexit sha1_base64="4AhZkM2hp8/yXX6hOtHjhMB7/+A="></latexit>

h
<latexit sha1_base64="vD8YAU8n24/ShArFerKQ0zjg0HQ="></latexit>

Proof

[1]

[2]

[3]

[4]

<latexit sha1_base64="OgN2h5mbqaDXc9en4I1qRl9asvI="></latexit>

{0, 1}d
<latexit sha1_base64="WiWA4m9cs/RWn78Jo5OOS22UmCI="></latexit>

constructive

<latexit sha1_base64="+UQADl+RcnOjLH0yTTGuPCjLZeE="></latexit>

quadratic
<latexit sha1_base64="F2iqF1Z3Kj9hXCw9KeZyFzurX/M="></latexit>

✓ {0, 1}d
<latexit sha1_base64="F2iqF1Z3Kj9hXCw9KeZyFzurX/M="></latexit>

✓ {0, 1}d
<latexit sha1_base64="y+n+ozbeI5CWUU6c29yeawMR1EQ="></latexit>

real-valued
<latexit sha1_base64="H90iFArYU0652ajWpYj1GgY/j4U="></latexit>

support function
<latexit sha1_base64="H90iFArYU0652ajWpYj1GgY/j4U="></latexit>

support function

<latexit sha1_base64="H90iFArYU0652ajWpYj1GgY/j4U="></latexit>

support function

<latexit sha1_base64="OgN2h5mbqaDXc9en4I1qRl9asvI="></latexit>

{0, 1}d

<latexit sha1_base64="+UQADl+RcnOjLH0yTTGuPCjLZeE="></latexit>

quadratic

<latexit sha1_base64="y+n+ozbeI5CWUU6c29yeawMR1EQ="></latexit>

real-valued

<latexit sha1_base64="iteyRD1Xs1uzxwBcSMLxyg5UjIw="></latexit>

ideal
<latexit sha1_base64="iteyRD1Xs1uzxwBcSMLxyg5UjIw="></latexit>

ideal
<latexit sha1_base64="iteyRD1Xs1uzxwBcSMLxyg5UjIw="></latexit>

ideal
<latexit sha1_base64="IcEuCrM3C5kyAuVEXbxtLjgfX5Y="></latexit>

extended

<latexit sha1_base64="trr8T6eESI2Hu3ZnP2WOrdbJp6s="></latexit>

description
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<latexit sha1_base64="Beigmz6J9rjoFP6w/f/OwPQ9YTQ="></latexit>

⇧ (⌧,x, z) 2 cl conv(T ) & a>x̄ = 0 =) (⌧,x+ x̄, z) 2 cl conv(T )

<latexit sha1_base64="CzOxYZUZclsn4Tg1mLl9u0xJ92E="></latexit>

⇧ R :=
�
(⌧̄ , x̄, z̄) 2 R⇥ Rd ⇥ Rd : ⌧̄ = 0, z̄ = 0, a>x̄ = 0

 

<latexit sha1_base64="iWnS68DEYz9UIu/hCSrjAmWQSC0="></latexit>

=) cl conv(T ) = cl conv(T +R)
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<latexit sha1_base64="eSYfe9ldcE9PldZBhO5axd4XOeA="></latexit>

⇧ cl conv(T ) = cl conv(T +R)

<latexit sha1_base64="np6Ra0H6IH84t00We3hZj1J26tE="></latexit>

⇧ T :=

8
>>>><

>>>>:

(⌧,x, z, s, w) 2 R⇥ Rd ⇥ Rd ⇥ R⇥ R :

h(s)  ⌧,

a>x = s,

s(1� w) = 0,

(w, z) 2 �1

9
>>>>=

>>>>;

<latexit sha1_base64="GRXPvzle8RH56/O8x6MixZ2r5zY="></latexit>

⇧ T +R = Proj⌧,x,z(T )
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<latexit sha1_base64="1T3WmVO1C8E9uQV/OimJ2OEsBvQ="></latexit>

W :=

8
><

>:
(�,�, �) 2 Rm ⇥ Rp ⇥� :

hi(�i,1)  �i, 8i 2 [p],

�i,1(1� �i) = 0, 8i 2 [p],

Ci�i 2 Ci, 8i 2 [p]

9
>=

>;

<latexit sha1_base64="6wqnU0Moz73gztZXM4r25aJ6S4s="></latexit>

⇧ cl conv(T ) = {(⌧,x, z) : 9s, w s.t. (⌧,x, z, s, w) 2 cl conv(T )}

<latexit sha1_base64="7yz7n5eWGXA6atBEiJGQn3rH67M="></latexit>

⇧ cl conv(T )=

8
><

>:
(⌧,x, z, s, w)2R⇥Rd⇥Rd⇥R⇥R :

h⇡(s, w)  ⌧,

a>x = s,

(w, z) 2 conv(�1)

9
>=

>;
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[1] Han & Gómez, arXiv, 2021

<latexit sha1_base64="xizSB8MDIdx6M/Q0lKwOj1omyxo="></latexit>

cl conv(T ) =

8
>>>><

>>>>:

(⌧,x, z) 2 R⇥ X ⇥ Rd : 9s,w s.t.

P
i2[d] h

⇡(aisi, wi)  ⌧,

0  si  xi, 8i 2 I,
a>s = a>x,

(w, z) 2 conv(�)

9
>>>>=

>>>>;
<latexit sha1_base64="C2x3AiDbcDfhSXEvooGrandYZ6g="></latexit>

� := {(w, z) 2 {0, 1}d ⇥ Z : 1>w  1, w  z}

<latexit sha1_base64="itXtJeREiPICgMhMqu+9D70TnsE="></latexit>

T :=

(
(⌧,x, z) 2 R⇥ X ⇥ Z :

h(a>x)  ⌧,

xi(1� zi) = 0, 8i 2 [d]

)

<latexit sha1_base64="HlScRQ0picLcXm6RGxasXwphDuk="></latexit>

If X =
�
Rd : xi � 0, 8i 2 I

 
and Z is complete, then
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<latexit sha1_base64="Z2tDag0Q5tjnawAGnpUyvH8sO64="></latexit>

min
1

N

X

j2[N ]

log(1 + exp(�bja
>
j x)) + �

X

i2[d]

zi + µkxk22

s.t. x 2 Rd
+, z 2 Z, xi(1� zi) = 0, 8i 2 [d],

<latexit sha1_base64="mO2ZkuLblmCvCKDrcfOW4NGZOGk="></latexit>

⇧ X nonnegativity constraints

⇧ Z strong hierarchy constraints

⇧ a is sparse
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<latexit sha1_base64="Z2tDag0Q5tjnawAGnpUyvH8sO64="></latexit>

min
1

N

X

j2[N ]

log(1 + exp(�bja
>
j x)) + �

X

i2[d]

zi + µkxk22

s.t. x 2 Rd
+, z 2 Z, xi(1� zi) = 0, 8i 2 [d],
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<latexit sha1_base64="Z2tDag0Q5tjnawAGnpUyvH8sO64="></latexit>

min
1

N

X

j2[N ]

log(1 + exp(�bja
>
j x)) + �

X

i2[d]

zi + µkxk22

s.t. x 2 Rd
+, z 2 Z, xi(1� zi) = 0, 8i 2 [d],

<latexit sha1_base64="Gsdhy9YxpcrOIoJH9w5qabY1UOg="></latexit>

z 2 conv(Z)

<latexit sha1_base64="GU9dtUiocw/MMVJAFde690mocls="></latexit>X

i2[d]

x2
i

zi
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<latexit sha1_base64="Z2tDag0Q5tjnawAGnpUyvH8sO64="></latexit>

min
1

N

X

j2[N ]

log(1 + exp(�bja
>
j x)) + �

X

i2[d]

zi + µkxk22

s.t. x 2 Rd
+, z 2 Z, xi(1� zi) = 0, 8i 2 [d],

<latexit sha1_base64="Gsdhy9YxpcrOIoJH9w5qabY1UOg="></latexit>

z 2 conv(Z)

<latexit sha1_base64="GU9dtUiocw/MMVJAFde690mocls="></latexit>X

i2[d]

x2
i

zi
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