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Occam's razor

ol :




Principle of Parsimony

“T'he existence of simple laws is, then, apparently, to be

regarded as a quality of nature”. "

R e—— - R

1) Wrinch & Jeffreys, Philosophical Magazine Series, 1921



Sparse Learning

min{H(x): (rx,z) e X x Z, x;(1—2;) =0, Vi € [d]}

€T,z

o X x ZCRYx{0,1}°




Epigraph Set

HllIl{HZB  (c,z) e A X Z, v;(1l—2,)=0, Vi € |d
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Epigraph Set

min{H(x): (rx,z) e X x Z, x;(1—2;) =0, Vi € [d]}

€T,z

{(t,x,2) ERx XA XxZ: Hx) <7, 2;,(1—2)=0, Vi € |d]}

¢ Valid mmequalities?
¢ Big-M free formulations?

o Closed convex hull?



Separable and Non-Separable Structure

Zie[d] hi(zi) <,
ri(1—2)=0, Vi € |d

X X X Z




Proof Strategy




Proof Strategy

Conic Binary RNy Perspective

Optimization 2 am N Functions




Conic Binary Sets

S(A,K) — {(a,é) cR™ x A Aza@ -+ Bzéz - <i> V1 € [p]}

o a=(ay,...,00)

o A C{0,1}"

o K, 1s a convex cone & 0 € K,




Main Result

Theorem 1. The following holds

o conv(S(A,

K)) = S(conv(A),
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Main Result

Theorem 1. The following holds

o conv(S(A,

K)) = S(conv(A), K)

Assumption 1.

; 1S nice:

<& Bz - Kz
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Proof of Theorem 1

o conv(S(A,K)) € S(conv(A),K) (5

O COHV(S(A, <)) D S(COHV(A)v <) =

(a,8) € S(conv(A),K) = § € conv(A)

13



Proof of Theorem 1

o conv(S(A,K)) € S(conv(A),K) (5

O COHV(S(A, <)) D S(COHV(A)v <) =

(a,8) € S(conv(A),K) = § € conv(A)

a;, if 5, =0
0, if 0, # 0 and 67 =0
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Proof of Theorem 1

o conv(S(A,K)) C S(conv(A),

o conv(S(A,K)) D S(conv(A),




Perspective Function

D d

o h

%

1s proper l.s.c. and convex

w h(x/w), if w > 0,

if w=0and « =0,

otherwise.
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Closed Perspective Function

o h:R? — R is proper L.s.c. and convex

o h(0) =0

w h(x/w), if w > 0,
h™(x,w) := ¢ limg g s h(x/s), if w =0,

0, otherwise.




Assumption 1. K; is nice:

Perspective Cone ek

Lemma 1. The following holds.

o epi(h™) is a convex cone
o 0 € epi(h™)

o epi(h™) is nice

o cl(epi(h™)) = epi(h™) g

o conv(S(A,K)) = S(conv(A), K)
o cleconv(S(A,K)) = S(conv(A), cl(K))
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Perspective Reformulation Technique

hi(ﬁi,l) S Vi Vi - [p]v
(B,7,0) e R xRP x A: 3;1(1—9;) =0, Vi € |p],
C;3;, € C;, Vie|p

W :
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Perspective Reformulation Technique

W =< (8,7,0) €

Theorem 2. conv()V) is given by

{(67%5) S

R

RP X conv(A) :

hi(Bi1) < v, Vi€ [p],

X RPY x A : ﬁ@',l(l _5z) — 07 Vi € [p]v

Cz,gz - Ci, V1 € [p]

h (Bi1,0:) <, Vi € [p],
C,08;, € C;, Vi€ [p]

|
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Perspective Reformulation Technique

W =< (8,7,0) €

hi(Bi1) < v, Vi€ [p],

X RP x A : ﬁ@',l(l _5z) — 07 Vi € [p]v

C;3;, € C;, Vie|p

Theorem 2. clconv(W) is given by

{(@%5) S

R %

RP X conv(A)

hi(Bi1,0:) < i, Vi € [p),
C.3;, € C;, Vi€ [p]

|
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Proof of Theorem 2

hi(Bi1) < vi, Vi € [p],
W:i=< (3,7,0) e R" xRP x A: B;1(1—9;) =0, Vi€ [pl,
C;3;, € C;, Vie|p

w h(x/w), if w > 0,
ht(z,w) := {0, if w=0and x =0,
+00, otherwise.

hi(8i1,0;) < i, Vi € [p],
C,08;, € C;, Vi€ [p]

W{(ﬂ,fy,é)e R™ X RP x A :
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S(A,K) — {(Oé,5) cR™ x A : AZOK@ - Bz5z - Ki, Vi € [p]}

Proof of Theorem 2

(A . . '
<[ car e s M 5 b

C;3;, € C;, Vie|p

h;_(ﬁi,lv(si) <v & C;38;, cC; < A;a; + B;o; € K;

o' 1

0
-
0
C; 0 0
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Separable Structure

Zie[d] hi(x;) <,
r;(1—2)=0, Vi € |d

H:=<(T,x,2) ERX X X Z:

Theorem 3. If X = {:r: cRY:z;, >0, Vi€ I}, then

clconv(H) =< (1,x,z) E R X X X conv(Z) Z hi(x;,z;) <T
1€ |d]

N N

Giinliik & Linderoth, Mathematical Programming, 2010

Xie & Deng, SIAM Journa [ on Optimization, 2020

Wei, Gomez & Kiiglikyavuz., Mathematical Programming, 2022

Bacci, Frangioni, Gentile & Tavlaridis-Gyparakis, Operations Research, 2023



Separable Structure

X Z
1] : {0,1}¢
2] v cardinality
3] a C {0,1}°
[4] R C {0,1}°

N N

Giinliik & Linderoth, Mathematical Programming, 2010

Xie & Deng, SIAM Journal on Optimization, 2020

Wei, Gomez & Kiiglikyavuz., Mathematical Programming, 2022

Bacci, Frangioni, Gentile & Tavlaridis-Gyparakis, Operations Research, 2023

h
super-linear
quadratic

real-valued

slater

Proof

disjunctive
programiming

constructive

support function

support function
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Proof of Theorem 3

hz(.CEZ) < {;, V1 € [d],
r;(1—2;) =0, Vi € |d

oH={(r,x,z): I s.t. (1,2,2,t) €




Proof of Theorem 3

o clconv(H)

|
—
8)
5‘3
&

{ s.t.

d .

hz(:pz) < 15, V1 € [d],
r;(1—2)=0, Vi € |d

(1,2, 2,t) €

1t =1

X clconv(H),

}
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hi(Bi1) < i, Vi € |p], |
W = $ (5,7,5) e R™ xRP x A 5@71(1 —(5@) = 0, Y1 € [p],

Proof of Theorem 3 | Cip < C,, vie

\
N

hz(azz) < 1;, V1 € [d], }

O H = (m,z,t)EXxe’d: |
r;(1—2)=0, Vi €|d

(1,2,2,t) € R x clconv(H),

o clconv(H) = {(T,ZE,Z) : 3t s.t. H }

1t =1

o cleonv(H) = {(z, z,t) € X x conv(Z) x R : h] (2, 2;) < t;, Vi € [d]}
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Rank-One Structure 1
h(a'x) <7,
r;(1—2)=0, Vi € [d]

T =< (r,x,z) ERX X X Z:

Theorem 4. If ¥ = R% and Z is connected, then
(e, w) <. }

(w, z) € conv(Aq)

clconv(7T) = {(T,ZB,Z) cR xR x R%: 3w € R s.t.

A ={(w,2)e{0,1} x Z:w<1'2}

NN

Atamtiirk & Goémez, Mathematical Programmaing, 2022

Wei, Goémez & Kiiciikyavuz, IPCO, 2020.
Wei, Gomez & Kiicgiikyavuz., Mathematical Programmaing, 2022 29

Han & Gomez, arXiv, 2021



Rank-One Structure 1

description
|1} ideal
2] ideal
3] 1deal

|4] extended

Z
{0,1}°
c {0,1}*
c {0,1}*
{0,1}°

NN

Atamtiirk & Goémez, Mathematical Programming, 2022

Wei, Goémez & Kiiciikyavuz, IPCO, 2020.

Wei, Gomez & Kiicgiikyavuz., Mathematical Programmaing, 2022
Han & Gomez, arXiv, 2021

h

quadratic

quadratic
real-valued

real-valued

Proof

support function

constructive

support function

support function

30



Proof of Theorem 4

o (1,2,2) Eclconv(T) & a'z =0 = (1, +x,2) € clconv(T)

oR:={(7,2,2) ERxR*xR?: =0, 2=0, a' =0}

> clconv(7T) = clconv(T +R)
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Proof of Theorem 4

o cleconv(T) = clconv(T +R)

> d d .
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Proof of Theorem 4

o cleconv(T) =

o cleonv(T) =

{(1,x,2) :

(T,,2,8,w)E

R X

R X

C;8; € C;, Vi € [p]

s,ws.t. (1,x,z,s,w) € clconv(T)}

h™(s,w) < T,

R: a' x=s,

(w, z) € conv(Aq)

hi(Bi1) < i, Vi € |p], |
W = $ (5,7,5) e R™ xRP x A 5@71(1 —(5@) = 0, Y1 € [p],

\
N

33



Rank-One Structure 11

hia'x) <T,

T;{(T,m,z)é R X X X Z: ri(1—2) =0, Vi € [d] }

Theorem 5. If A = { R+ 2, >0, Vi € I} and Z 1s complete, then

Zie[d] hw(aisia w”&) < T,
0<s; <uw;, Vi e,

a's=a'zx,

cleonv(T) =< (1,2,2) € R x X x R*: Is, w s.t.

(w, z) € conv(A)
A={(w,2)e{0,1}'xZ: 1Tw<1, w<z)

I |[1] Han & Goémez, arXiv, 2021
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Numerical Results: Sparse Logistic Regression

, 1
min N Z log(1 + exp(—bjajTa:‘)) + A Z Zi + ,uHmHg
FJE[N] 1€ |[d]

st. xeRY, z€ Z, x,(1—2)=0, Vi€ [d],

¢ A nonnegativity constraints
¢ Z strong hierarchy constraints

O @ 1S sparse
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Natural Relaxation

, 1
min N Z log(l—l—eXp( b a CE‘ -|—)\Z Zz‘|‘MH33H2
FJE[N] 1€ |[d]

-y Vi € |d|,

S.t. T ERE, 2 € Z, soplibamepippeca
"YU + 9 i e
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Separable Relaxation

1
min ~ Z log(1 +exp(—bjajTa’;
JELN]




Rank One Relaxations

, 1
min - Z log(1 —|—exp(—bjajTa:'))

JE[N]
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Numerical Results: Relaxations
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Numerical Results: Relaxations
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Numerical Results: Branch & Bound
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Numerical Results: Branch & Bound
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Numerical Results: Branch & Bound
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