Strong Formulation of Hybrid Control Problem with Tridiagonal Inverse Matrix

Hybrid Model Predictive Control (HMPC)

Hybrid System: Discrete & continuous dynamics interact through mode switch [2].
Binary variable z; € {0,1}% mode at time ¢

In each mode, system control is a continuous optimization.

Model Predictive Control: Approach for long-term control problems with uncertainties.
— lIterative finite-horizon control optimization for real-time decisions.
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MIQP Formulation of n-period Hybrid Control Problem (HCP): For O, > 0, Vt € |n]

n+1 n
(n—HPC) min EZ (xe—r0) Qe(xe— 1) + Zptzt
D =1
s.t. x1 = xp,
Xer1 = Apxe + Brye + cize + db, Vi € [n] (1)
ly,zt < yr < uy,z;, Vt € |n]
e, < x¢ < Uy, Vt e |n+ 1]

x € R(n+1)><dx, y € Rnxdy, = {0, 1}71

Application: Energy management of power-split HEV
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State, control, measured disturbance:

[soc] WV
X = mf Y = | Weng

_Teng_
Control system with 2 modes, engine on/off [1]

x(k+1) =Ax(k) + B;y(k) + Div(k) + F;, i = 0(off), 1(on)
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Simple Hybrid Control Problem

1 n+1 n n+1 —1 2 n
min > Z(xt — 1)+ Z Di2 & min Z Xo + Z ys— | + Z Di2;
=1 =1 =1 =1

s=1

s.t. Xp1 = X¢ + Yy, Vte |n s.t. y:(1—2) =0, Vt € [n]
(1 —2z) =0, VYt € [n] z; € {0,1}, VYt € [n]
z; € {0, 1}, Vte |n
1 n+1
& min EyTQy+ a'y+p'z+ Z(xo —r)? sty (1—2) =0, z, € {0,1}, Vt € [n] (2)
t=1
where le is tridiagonal and sum of rank-1 matrices, VS = {my,...,m} C {1,...,n}st. m; < --- < 7.
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where (M) % is a kX k matrix with M is the submatrix defined by indices I and all other elements are zero.

Consider a directed acyclic graph G = (V, A)

V={0,1,...,n,n+1}
A={(i,j):0<i<j<n+1}

Let P(G) be a set of 0 — (n+ 1) paths in G and

( n-1 n n J—1 )
P=1(z,W,05):6 € P(G), W = ;: 2 Cijo0ij + Z Cint10in+1, Zj = Z 0ijy Vj € |n]¢
| i=1 j=it1 =1 i=0 )

Then, (2) can be reformulated as

.1 4 T (%) min — lZlTWZI+ 'z
m1‘1/r‘1/5§1'+a y+p z = ZW,S 2 P (4)
T:yaza 5
s.t.(z, W,0) € P
s.t. (Mi y) > 0 (3)
y' T
(z, W,0) € P

where (%) holds as y* = —W*¥a and z € {0,1}" can be relaxed since 3(z*, W*, ") € ext(P) [3].

Proposition 1. Dynamic Programming

(4) can be solved in O(n®) as a shortest path problem (SPP) on graph G.

Proposition 2. SOCP Reformulation

There is an SOCP formulation of (3) with O(n?) conic constraints.

General 1-Dimensional Hybrid Control Problem

The SPP and SOCP reformulations can be applied to general 1-dimensional time-variant HCPs for g; > 0.
n+1

1
min EZ qr (x; — r,f)2 +pTz s.t. Xp1 = axe + Pryy, (1 —24) =0, z; € {0,1}, Vt € |n]
=1

Multi-Dimensional Hybrid Control Problem (1)

Q3! is block tridiagonal, VS C [n].

Unbounded (1) can be reformulated as SPP/SOCP if Q > 0 (nec.) & B;’s are full row rank (suff.).

(1) can be solved using the SOCP formulation with bounds.

Experiments
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Type 1: Time-varying cost g; with linear system x;.; = x; + y;
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Type 2: Fixed cost g; = g with linear system x;.1 = ax; + By, a ~ U[1,1.1], f ~ Ul a — %, a + %]
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Relaxation gap of bounded problems of Type 1 and 2
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Type 3. Multi-dimensional HCP with fixed cost Q and linear system x;.1 = Ax; + By, + cz;
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SOCP of Type 3 is excluded from comparison, as solver had irregular terminations often.

If || > 1 (1-dim) or |eig(A)| > 1, computation errors occur frequently for large n.

— Generate cuts for partial horizon [t, t + k] (k < n) to form a strong formulation.
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