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Online Ad Auctions

• The second-price auction or its 
generalizations are often used to sell ad 
slots 

• Advertisers are often budget 
constrained, so they can’t bid their value 
in all available auctions 

• Platforms often manage budgets on 
behalf of advertisers

Motivation



Pacing

Naive: Participate until you run out of budget
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Pacing Multiplier
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Why Pacing?: Used in Practice

Source: Facebook Guide for Advertisers



Why Pacing?: Theoretically Optimal
Related Works with Pacing-Based Optimal Strategies

• Gummadi, Key, Proutiere (2012): Pacing is optimal in MDP-based repeated 
auction model for budget-constrained bidders


• Balseiro, Besbes, Weintraub (2015): Pacing-based bidding strategies form a 
Fluid Mean Field Equilibrium for buyers with budget constraints, stochastic 
values


• Balseiro and Gur (2019): Pacing is optimal under stochastic and adverserial 
inputs for budget-constrained buyer participating in repeated auctions



What happens when every buyer uses pacing simultaneously? 
 
  

Do pacing based strategies efficiently converge to equilibrium 
for repeated auctions?

Central Questions
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Pacing Game

• Buyer  has strategy i αi ∈ [0,1]

• Utility = Value - Payment if budget is satisfied,  otherwise−∞
• Conitzer et al. (2018): Careful tie-breaking is necessary for existence of pure-

strategy Nash equilibrium

•  : Fraction of good  allocated to buyer xij j i

•  : Highest paced bid, i.e., largest element in hj( ⃗α ) α1v1j, …, αnvnj

•  : Second-highest paced bid, i.e., second-largest element in pj( ⃗α ) α1v1j, …, αnvnj

Conitzer, Kroer, Sodomka, Stier-Moses (WINE’18, OR’22)
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Pacing Equilibrium
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• Pacing equilibrium is a tuple  such that:( ⃗α , ⃗x )
1. Highest bid wins:    implies  xij > 0 αivij = hj( ⃗α )

2. Full allocation:    implies   hj( ⃗α ) > 0 ∑
i

xij = 1

3. Budget constraint: ∑
j

xijpj( ⃗α ) ≤ Bi

4. No unnecessary pacing:   implies  ∑
j

xijpj( ⃗α ) < Bi αi = 1



Approximate Pacing Equilibrium

• A -approximate pacing equilibrium is a tuple  such that:


1. Close to highest bid wins:    implies  


2. Full allocation:   implies   


3. Budget constraint: 


4. Not too much unnecessary pacing:   implies  

(δ, γ) ( ⃗α , ⃗x )
xij > 0 αivij ≥ (1 − δ) hj( ⃗α )

hj( ⃗α ) > 0 ∑
i

xij = 1

∑
j

xijpj( ⃗α ) ≤ Bi

∑
j

xijpj( ⃗α ) < (1 − γ) Bi αi ≥ 1 − γ
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Our Results

• Theorem: For any constant , computing a -approximate pacing 
equilibrium is PPAD-hard for  . 

c > 0 (δ, γ)
δ = γ = 1/nc

• Theorem: Computing an (exact) pacing equilibrium is in PPAD.  

• In simple terms, computing pacing equilibria is as hard as computing Nash 
equilibria of bimatrix games or finding a Brouwer fixed point, which have 
eluded efficient algorithms.
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Implications for Related Work

• Conitzer, Kroer, Sodomka, Stier-Moses (WINE’18, OR’22): Show existence 
of pacing equilibria via a limit argument, show relationship to Nash Eq., 
conjecture that computing it is PPAD-complete

➡Close open question, show that conjecture is true

• Borgs, Chayes, Immorlica, Jain, Etesami, Mahdian (WWW’07): Give 
tatonnement-style dynamics for pacing, show efficient convergence for first-
price auctions and conjecture similar convergence for second-price auctions

➡ Dynamics cannot converge efficiently for second-price auctions

Assuming PPAD-hard problems are not efficiently solvable



Proof Idea: PPAD Hardness

• Reduce from the problem of computing Nash equilibria in two player 0-1 cost 
bimatrix games, which is known to be PPAD-complete


• Has the important implications discussed earlier, but proof has little intuition
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Proof Idea
Computing approximate pacing equilibrium is in PPAD

• Smooth tie-breaking rule: Allocation rule is a continuous function of pacing 
multipliers and only allows “close to highest” bids to win.   

xij(α) :=
[αivij − (1 − δ)hj(α)]+

∑r∈[n] [αrvrj − (1 − δ)hj(α)]+



Proof Idea
Computing approximate pacing equilibrium is in PPAD

• Let ABC = 


• Label a vertex  in ABC as follows:


- Set 


- Increase  gradually and instruct each buyer to 
say “Stop” if her budget constraint becomes 
tight or her pacing multiplier reaches 1


- Label  with  if buyer  is the 
first one to say “Stop”

{ ⃗β ∈ ℝ3
+ ∣ β1 + β2 + β3 = 1}

⃗β

αi = t ⋅ βi

t

⃗β k ∈ {1,2,3} k

β1

β2 β3

A

B C

⃗β



Proof Idea: PPAD Membership of Exact Eq.

• Use Sperner’s Lemma to show PPAD membership of -approximate 
pacing equilibria


• Give rounding algorithm to get PPAD membership of computing  
-approximate pacing equilibrium (only highest bidder wins, some 

unnecessary pacing is allowed)


• LP-based argument to get PPAD membership of computing exact pacing 
equilibrium

(δ, γ)

(0,γ)



MIP Approach to SPPE [CKSS’18/’22]

• : Buyer 's pacing multiplier


• : Buyer 's spend on good 


• : Price of good 


• : The highest bid for good 


• :  if buyer  may win any part of 
good 


• :  if buyer  spends its full budget


• :  if buyer  is the winner of good 


• :  if buyer  is the second price for 
good 

αi ∈ [0,1] i

sij ∈ ℝ+ i j

pj ∈ ℝ+ j

hj ∈ ℝ+ j

dij ∈ {0,1} 1 i
j

yi ∈ {0,1} 1 i

wij ∈ {0,1} 1 i j

rij ∈ {0,1} 1 i
j

Conitzer, Kroer, Sodomka, Stier, Multiplicative Pacing Equilibria in Auction Markets. OR’22
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MIP Approach to SPPE

• So does it work?
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MIP Approach to SPPE

• So does it work?

• No :(

Conitzer, Kroer, Sodomka, Stier, Multiplicative Pacing Equilibria in Auction Markets. OR’22



Conclusion

• Introduced second-price pacing equilibrium (SPPE)


• We show that computing an SPPE is a PPAD-complete problem


• Resolved several open problems in budget management literature


• Open problems:


• Better MIP approach to computing SPPE?


• Approximation algorithms?


• Complementarity-based algorithms?
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